
Green

c

�r(t) = x(t)�i + y(t)�j + z(t)�k, t ∈ [t1, t2].
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c

P
k
(x

k
,y

k
,z

k
).

.

A
n-1

B=A
n

A
k

A
2

A
k-1

A
1

A=A
0

z

y
O

x

o

o

o

o

o

o

o

ÂB
A0 ≡ A1, A2, · · · , An ≡ B

D1

||D1||

||D1|| = max |ÂkAk+1|, k = 0, 1, · · · , n − 1.

|ÂkAk+1| = ∆sk

ÂkAk+1 Pk(xk, yk, zk)

ÂkAk+1

I1 =

n−1∑

k=0

f(xk, yk, zk)∆sk,

f(x, y, z)

ÂB ÂB
Pk

{Dn} ÂB

lim
n→∞

||Dn|| = 0,

I1, I2, · · · , In.

||Dn|| → 0

Pk

f(x, y, z) c

I = lim
||Dn||→0

n−1∑

k=0

f(xk, yk, zk)∆sk =

∫

c

f(x, y, z)ds.

c

�r(s) = x(s)�i + y(s)�j + z(s)�k, s ∈ [0, s].

x, y, z f(x, y, z)
s

I =

∫ s

0

f(x(s), y(s), z(s))ds.
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�r(t) = x(t)�i + y(t)�j + z(t)�k, t ∈ [t1, t2],

ds

dt
=

d

dt

∫ t

a

∣∣∣∣
d�r

dt∗

∣∣∣∣dt∗ =

∣∣∣∣
d�r

dt

∣∣∣∣ =
√

ẋ2(t) + ẏ2(t) + ż2(t),

I =

∫ t2

t1

f (x(t), y(t), z(t))
√

ẋ2(t) + ẏ2(t) + ż2(t) dt.

ds
t

t ∈ [t1, t2] t2 > t1

c

I =

∮

c

f(x, y, z)ds.

c'

c

z

O

x

y

a b y

x

f(x)

B

O
A

f(x, y, z) = 1

ÂB

s =

∫

ÂB

ds =

∫ t2

t1

√
ẋ2(t) + ẏ2(t) + ż2(t) dt.

f(x) > 0, x ∈ [a, b]

I =

∫ b

x=a

f(x)dx

xy

�r(t) = x(t)�i + y(t)�i z = f(x, y)
Ia =
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∫

c

f(x, y)ds

c c′

c′ : �r′(t) = x(t)�i + y(t)�i + z(x(t), y(t))�k

c c′ xy

Ia =

∫

c

f(x, y)ds

c xx′

f(x, y = 0) = f(x) x = t

ds =
√

ẋ2(t) + ẏ2(t) + ż2(t) dt = dx

Ia =

∫

c

f(x, y)ds =

∫
f(x)dx

λ1, λ2, · · · , λn f1, f2, · · · , fn

c

∫

c

n∑

i=1

λifi(x, y, z)ds =

n∑

i=1

λi

∫

c

fi(x, y, z)ds.

c c1, c2, · · · , cn

f(x, y, z)

∫

c

f(x, y, z)ds =

n∑

i=1

∫

ci

f(x, y, z)ds.

f(x, y, z) ≥ 0 f(x, y, z)
c

∫

c

f(x, y, z)ds ≥ 0.

f(x, y, z) c
|f(x, y, z)| c

∣∣∣∣
∫

c

f(x, y, z)ds

∣∣∣∣ ≤
∫

c

|f(x, y, z)|ds.

f(x, y, z)
c l

P (xP , yP , zP ) c

f(xP , yP , zP ) =
1

l

∫

c

f(x, y, z)ds.

ÂB

∫

ÂB

f(x, y, z)ds =

∫

B̂A

f(x, y, z)ds.

Ĩ =

∫

B̂A

f(x, y, z)ds = lim
||Dn||→0

0∑

k=n−1

f(xk, yk, zk)∆̃sk

= lim
||Dn||→0

n−1∑

k=0

f(xk, yk, zk)∆sk =

∫

ÂB

f(x, y, z)ds.

∆̃sk =

|Âk+1Ak| = |ÂkAk+1| = ∆sk
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c f(x, y, z) ≤ g(x, y, z)
f, g

∫

c

f(x, y, z)ds ≤
∫

c

g(x, y, z)ds.

c ÂB

�r(t) = x(t)�i + y(t)�j + z(t)�k, t ∈ [t1, t2].

ÂB
A0 ≡ A1, A2, · · · , An ≡ B

D1

||D1||

||D1|| = max |ÂkAk+1|, k = 0, 1, · · · , n − 1.

�F (x, y, z)
c

�F (x, y, z) = P (x, y, z)�i + Q(x, y, z)�j + R(x, y, z)�k.

I1 =

n−1∑

k=0

�F (Mk)
−−→
AkAk+1 =

n−1∑

k=0

�F (Mk)∆�rk,k+1

=

n−1∑

k=0

(
P (Mk)∆xk,k+1 + Q(Mk)∆yk,k+1 + R(Mk)∆zk,k+1

)
,

∆�rk,k+1 = ∆xk,k+1
�i + ∆yk,k+1

�j + ∆zk,k+1
�k,

Mk(xk, yk, zk) ÂkAk+1

{Dn} ÂB

lim
n→∞

||Dn|| = 0,

I1, I2, · · · , In.

||Dn|| → 0

Mk

�F (x, y, z) c

I = lim
||Dn||→0

n−1∑

k=0

(
P (Mk)∆xk,k+1 + Q(Mk)∆yk,k+1 + R(Mk)∆zk,k+1

)

=

∫

ÂB

P (x, y, z)dx + Q(x, y, z)dy + R(x, y, z)dz.
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�F ÂB

I =

∫ t2

t1

[
P

(
x(t), y(t), z(t)

)
ẋ(t) + Q

(
x(t), y(t), z(t)

)
ẏ(t)

+ R
(

x(t), y(t), z(t)
)

ż(t)
]
dt,

I =

∫ t2

t1

�F (t) ·
(

d�r

dt

)
dt =

∫ t2

t1

(
P (t)ẋ(t) + Q(t)ẏ(t) + R(t)ż(t)

)
dt.

d�r = dx�i + dy�j + dz�k,

I =

∫

ÂB

P (x, y, z)dx + Q(x, y, z)dy + R(x, y, z)dz =

∫

ÂB

�F · d�r.

I =

∫

ÂB

�F · d�r =

∫

ÂB

�F ·
(

d�r

ds

)
ds =

∫

ÂB

�F · �t ds,

�t

ÂB c

�r(s) = x(s)�i + y(s)�j + z(s)�k, s ∈ [0, l],

l ÂB

�t = cos α̃�i + cos β̃�j + cos γ̃�k,

cos α̃ cos β̃ cos γ̃ �t

I =

∫ s=l

s=0

(
P (x(s), y(s), z(s)) cos α̃ + Q(x(s), y(s), z(s)) cos β̃

+ R(x(s), y(s), z(s)) cos γ̃
)

ds.

c

I =

∮

c

�F · d�r.

�F

I =

∮
�F · d�r = 0 �F

I =

∮
�F · d�r �= 0 �F

c
xy D

z
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οπη




















D
c c′

xz yz

xy

xy

I =

∫

c

�F · d�r,

�F = P (x, y)�i + Q(x, y)�j c
y = y(x) x

I =

∫

c:y(x)

P (x, y(x))dx + Q(x, y(x))dy

=

∫

c:y(x)

(
P (x, y(x)) + Q(x, y(x))

dy

dx

)
dx.

xy

∫

c:y(x)

P (x, y(x))dx
∫

P (x, y(x))dx
∫

c:y(x)

P (x, y(x))dx

c : y(x)

∫
P (x, y(x))dx

P (x, y(x))
y(x)

x y = y(x) z =
x(x)

I =

∫

c

P (x, y(x), z(x))dx + Q(x, y(x), z(x))dy + R(x, y(x), z(x))dz

=

∫

c

(
P (x, y(x), z(x)) + Q(x, y(x), z(x))

dy

dx
+ R(x, y(x), z(x))

dz

dx

)
dx.

c
�F (x, y, z) W

ÂB
c

W =

∫

ÂB

�F · d�r.
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c c′ c′ : �r′(t) = x(t)�i + y(t)�i + z(x(t), y(t))�k

c

Iα =

∫

ÂB

f(x, y, z)ds,

Iβ =

∫

ÂB

(
�F · �t

)
ds.

Iα =

∫ l

s=0

f(x(s), y(s), z(s))ds,

Iα =

∫ t2

t1

f (x(t), y(t), z(t))
√

ẋ2(t) + ẏ2(t) + ż2(t) dt,

Iβ =

∫ s=l

s=0

[
P (x(s), y(s), z(s)) cos α̃ + Q(x(s), y(s), z(s)) cos β̃

+ R(x(s), y(s), z(s)) cos γ̃
]
ds,

Iβ =

∫ t2

t1

[
P (t)ẋ(t) + Q(t)ẏ(t) + R(t)ż(t)

]
dt.

λ1, λ2, · · · , λn
�F1, �F2, · · · , �Fn

c

∫

c

n∑

i=1

λi
�Fi(x, y, z) · d�r =

n∑

i=1

λi

∫

c

�Fi(x, y, z) · d�r.

c c1, c2, · · · , cn

�F

∫

c

�F (x, y, z) · d�r =
n∑

i=1

∫

ci

�F (x, y, z) · d�r.

ÂB

∫

ÂB

�F · d�r = −
∫

B̂A

�F · d�r.

Ĩ =

∫

B̂A

�F (x, y, z) · d�r = lim
||∆n||→0

0∑

k=n−1

�F (xk, yk, zk) · ∆�rk+1,k

= − lim
||∆n||→0

0∑

k=n−1

�F (xk, yk, zk) · ∆�rk,k+1

= − lim
||∆n||→0

n−1∑

k=0

�F (xk, yk, zk) · ∆�rk,k+1

= −
∫

ÂB

�F (x, y, z) · d�r.
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πολλαπλα συνεκτικοτοπο







οπε



απλα συνεκτικοτοπο




c = ÂBΓA

∮

c

�F · d�r =

∮

ÂBΓA

�F · d�r =

∮

B̂ΓAB

�F · d�r.

c1 c2

∮

c1

�F · d�r = ±
∮

c2

�F · d�r.

+ c1 c2

−

Green

Green

Green

y
2
(x)

A

d

C

a b

B

c

D

x

D

y

c

O

y
1
(x)

Green

D
D

D

Green

Green

D P (x, y)
Q(x, y)

∂P

∂y

∂Q

∂x
D D

c
D

∮

c

Pdx + Qdy =

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy.

D

D = {(x, y) ∈ R2 : a ≤ x ≤ b, y1(x) ≤ y(x) ≤ y2(x)},
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D = {(x, y) ∈ R2 : c ≤ y ≤ d, x1(y) ≤ x(y) ≤ x2(y)}.

∫

D

∫
∂P

∂y
dxdy =

∫ b

x=a

[∫ y2(x)

y=y1(x)

∂P

∂y
dy

]
dx

=

∫ b

a

[
P (x, y2(x)) − P (x, y1(x))

]
dx

=

∫ b

a

P (x, y2(x))dx −
∫ b

a

P (x, y1(x))dx.

y1(x) ÂDB

y2(x) B̂CA

ÂDB B̂CA
∫

D

∫
∂P

∂y
dxdy = −

∫

ÂDB

P (x, y)dx −
∫

B̂CA

P (x, y)dx = −
∮

c

P (x, y)dx.

∫

D

∫
∂Q

∂x
dxdy =

∫ d

y=c

[∫ x2(y)

x=x1(y)

∂Q

∂x
dx

]
dy

=

∫ d

c

[
Q(x2(y), y)− Q(x1(y), y)

]
dy

=

∫ d

c

Q(x2(y), y)dy −
∫ d

c

Q(x1(y), y)dy

=

∫ d

c

Q(x2(y), y)dy +

∫ c

d

Q(x1(y), y)dy

=

∫

ĈBD

Q(x, y)dy +

∫

D̂AC

Q(x, y)dy.

∫

ĈBD

Q(x, y)dy +

∫

D̂AC

Q(x, y)dy =

∮

c

Q(x, y)dy

Green

∫

D

∫
∂Q

∂x
dxdy =

∮

c

Q(x, y)dy.

∮

c

Pdx + Qdy =

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy.

Green

Green

xy xz yz

D
xy c

S

S =
1

2

∮

c

−ydx + xdy.

�F (x, y) = P�i + Q�j = −y�i + x�j,

c
D Green

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy =

∮

c

Pdx + Qdy ⇒
∫

D

∫
(1 − (−1)) dxdy =

∮

c

−ydx + xdy ⇒

S =

∫

D

∫
dxdy =

1

2

∮

c

−ydx + xdy.
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C

D
B

A

D
2

D
1

O
x

y

Green

�F (x, y) = P�i = −y�i �F (x, y) = Q�j = x�j

S = −1

2

∮

c

ydx

S =
1

2

∮

c

xdy

I =

∫

D

∫
f(x, y)dxdy P (x, y)

Q(x, y)

(
∂Q

∂x
− ∂P

∂y

)
= f(x, y)

I

I =

∫

D

∫
f(x, y)dxdy =

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy =

∮

c

Pdx + Qdy,

c

Green
Stokes

Green

Green

Green

Green

D
D1 D2 AB

Green
D1 D2

∫

ABCA

Pdx + Qdy =

∫

D1

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy,

∫

ADBA

Pdx + Qdy =

∫

D2

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy.

IL =

∫

ABCA

Pdx + Qdy +

∫

ADBA

Pdx + Qdy

=

∫

AB

Pdx + Qdy +

∫

BCA

Pdx

+ Qdy +

∫

ADB

Pdx + Qdy +

∫

BA

Pdx + Qdy

=

∫

BCA

Pdx + Qdy +

∫

ADB

Pdx + Qdy =

∮

ADBCA

Pdx + Qdy,

∫

AB

Pdx + Qdy = −
∫

BA

Pdx + Qdy.

IR =

∫

D1

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy +

∫

D2

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy

=

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy.
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D D
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y

F
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D
2

D
1

C

c
1 c

2

G
D

B

A

x

Green

∮

ADBCA

Pdx + Qdy =

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy.

Green

Green

D̄
c2

c1 D
P (x, y) Q(x, y)

∂P

∂y
∂Q

∂x
D

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy =

∮

c2

Pdx + Qdy +

∮

c1

Pdx + Qdy.

D̄
D̄

Green

c1 c2

D̄ Green D̄
c1 c2 D

AB DC D
D1 D2

I =

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy

=

∫

D1

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy +

∫

D2

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy.

Green D1 D2

I1 =

∫

D1

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy =

∮

AECDFBA

Pdx + Qdy

=

∫

AEC

Pdx + Qdy +

∫

CD

Pdx + Qdy

+

∫

DFB

Pdx + Qdy +

∫

BA

Pdx + Qdy,

I2 =

∫

D2

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy =

∮

ABGDCIA

Pdx + Qdy

=

∫

AB

Pdx + Qdy +

∫

BGD

Pdx + Qdy

+

∫

DC

Pdx + Qdy +

∫

CIA

Pdx + Qdy.

I =

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy =

∮

AECIA

Pdx + Qdy +

∮

BGDFB

Pdx + Qdy

=

∮

c2

Pdx + Qdy +

∮

c1

Pdx + Qdy,
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D

D

c
n

x

c
3

c
1

c
2

O

y

Green

D̄
c1 2, 3, . . . , n

c2, c3, . . . , cn Green

D D̄

I =

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy

=

∮

c1

Pdx + Qdy +

∮

c2

Pdx + Qdy + · · ·+
∮

cn

Pdx + Qdy.

∂Q

∂x
=

∂P

∂y

Green

∂Q

∂x
=

∂P

∂y
.

∮

c2

Pdx + Qdy = −
∮

c1

Pdx + Qdy =

∮

c̄1

Pdx + Qdy,

c̄1 c1

c2

D
∂Q

∂x
=

∂P

∂y

D
Green

1

∂Q

∂x
=

∂P

∂y

2

∂Q

∂x
�= ∂P

∂y

P (x, y) Q(x, y)
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∂P

∂y

∂Q

∂x
D

c
D

∮

c

Pdx + Qdy = 0.

A B D

∫ B

A(c)

Pdx + Qdy,

c A
B

Pdx+Qdy
U(x, y) D

dU = Pdx + Qdy.

∂P

∂y
=

∂Q

∂x
,

D

1 −→ 2 −→ 3 −→ 4 −→ 1

1 −→ 2 A B

2         31         2 .B'(x+Dx,y)

OO

.

.

A

D

B(x,y)
B

C

.

xx

y

A(x
o
,y

o
)

.

y

ACBDA

∮
Pdx + Qdy = 0 ⇒

∫

ACBDA

Pdx + Qdy = 0 ⇒
∫

ACB

Pdx + Qdy +

∫

BDA

Pdx + Qdy = 0 ⇒
∫

ACB

Pdx + Qdy −
∫

ABD

Pdx + Qdy = 0 ⇒
∫

ACB

Pdx + Qdy =

∫

ABD

Pdx + Qdy.

A B

2 −→ 3

∫
Pdx + Qdy

A(xo, yo) B(x, y) B′(x + ∆x, y)
A x, y

U(x, y) =

∫

AB

P (x̄, ȳ)dx̄ + Q(x̄, ȳ)dȳ.
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dU = Pdx + Qdy
∂U(x, y)

∂x
= P (x, y)

∂U(x, y)

∂y
= Q(x, y)

∂U(x, y)

∂x
= lim

∆x→0

U(x + ∆x, y) − U(x, y)

∆x
,

U(x + ∆x, y) =

∫

AB′

P (x̄, ȳ)dx̄ + Q(x̄, ȳ)dȳ.

A(xo, yo) B′(x + ∆x, y)
A → B → B′

U(x + ∆x, y) =

∫

AB′

P (x̄, ȳ)dx̄ + Q(x̄, ȳ)dȳ

=

∫

AB

P (x̄, ȳ)dx̄ + Q(x̄, ȳ)dȳ +

∫

BB′

P (x̄, ȳ)dx̄ + Q(x̄, ȳ)dȳ

= U(x, y) +

∫

BB′

P (x̄, ȳ)dx̄.

∫

BB′

P (x̄, ȳ)dx̄

∫

BB′

P (x̄, ȳ)dx̄ =

∫ (x+∆x,y)

(x,y)

P (x̄, ȳ)dx̄ = ∆xP (x + θ∆x, y), 0 ≤ θ ≤ 1,

∂U(x, y)

∂x
= lim

∆x→0
P (x + θ∆x, y) = P (x, y).

∂U(x, y)

∂y
= Q(x, y)

dU = Pdx + Qdy.

3 −→ 4 U(x, y)

dU = Pdx + Qdy.

U(x, y)

dU =
∂U(x, y)

∂x
dx +

∂U(x, y)

∂y
dy.

∂U(x, y)

∂x
= P (x, y) ⇒ ∂2U(x, y)

∂y∂x
=

∂P (x, y)

∂y
,

∂U(x, y)

∂y
= Q(x, y) ⇒ ∂2U(x, y)

∂x∂y
=

∂Q(x, y)

∂x
.

∂P (x, y)

∂y
=

∂Q(x, y)

∂x
.

4 −→ 1
∂P

∂y
=

∂Q

∂x
c D

Green
c

∮

c

Pdx + Qdy =

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy = 0,

∂P

∂y
=

∂Q

∂x

U(x, y)



:

y

x

O

B(x,y)

C(x,y
o
)A(x

o
,y

o
)

U(x, y)

U(x, y)

A(xo, yo) B(x, y) C(x, yo)

U(x, y) =

∫

AB

P (x̄, ȳ)dx̄+Q(x̄, ȳ)dȳ =

∫ (x,y)

(xo,yo)

P (x̄, ȳ)dx̄+Q(x̄, ȳ)dȳ.

A B A → C → B

U(x, y) =

∫

ACB

P (x̄, ȳ)dx̄ + Q(x̄, ȳ)dȳ

=

∫

AC

P (x̄, ȳ)dx̄ + Q(x̄, ȳ)dȳ +

∫

CB

P (x̄, ȳ)dx̄ + Q(x̄, ȳ)dȳ

=

∫ (x,yo)

(xo,yo)

P (x̄, ȳ)dx̄ +

∫ (x,y)

(x,yo)

Q(x̄, ȳ)dȳ + C,

C
A(xo, yo)

U(x, y)
∂U(x, y)

∂x
= P (x, y)

x

∂U(x, y)

∂x
= P (x, y) ⇒ U(x, y) =

∫
P (x, y)dx + f(y).

y
∂U(x, y)

∂y
= Q(x, y)

∂U(x, y)

∂y
=

∂

∂y

(∫
P (x, y)dx + f(y)

)
= Q(x, y).

U(x, y)

D

D

A B
c A B

∫

c(A→B)

Pdx + Qdy =

∫ B

A

dU = UB − UA = ω.

c′ :



:

F

E
D

C

B

A x

y

U(x, y)

ACDEFB c′

∫

c′
Pdx + Qdy =

∫

c′(ACDEFB)

Pdx + Qdy

=

∫

ACDEF

Pdx + Qdy +

∫

FA

Pdx + Qdy

+

∫

AF

Pdx + Qdy +

∫

FB

Pdx + Qdy

=

∮

ACDEFA

Pdx + Qdy +

∫

AFB

Pdx + Qdy = C + ω,

∫

AFB

Pdx + Qdy = ω

∮

ACDEFA

Pdx + Qdy = C UA = 0

UB = ω,

UB = C + ω.

U B

∫ B

A

Pdx + Qdy

∫

c′′:AB

Pdx + Qdy = 2C + ω,

n

∫

cn−times:AB

Pdx + Qdy = nC + ω.

U(x, y) B

nC n

∮

c

Pdx + Qdy = C = 0

U(x, y)
D

n
ω = 0 ∮

cn−times

Pdx + Qdy = nC.

k

∮

c

Pdx + Qdy = n1C1 + n2C2 + · · ·+ nkCk,

n1, n2, . . . , nk

c



:

D

∮

c

Pdx+Qdy = 0

U(x, y)

D

∮

c

Pdx+

Qdy = C

1 C = 0 U(x, y)

2 C �= 0 U(x, y) x=y y

x

x2+y2+z2=1

O

z

I =

∫

c

(x + y)ds c

x2 + y2 + z2 = 1 x = y x, y, z ≥ 0
z

c
z = t

x =

√
2

2

√
1 − t2, y =

√
2

2

√
1 − t2, z = t,

ẋ = −
√

2

2

t√
1 − t2

, ẏ = −
√

2

2

t√
1 − t2

, ż = 1,

t : 0 −→ 1 (x + y) =
√

2
√

1 − t2

ds =
√

ẋ2(t) + ẏ2(t) + ż2(t) dt =
1√

1 − t2
dt.

I =

∫

c

(x + y)ds =
√

2

∫ 1

0

dt = 1.



:

A

x2+y2=22

B

O

y

x

x = cos t, y = cos t, z =
√

1 − 2 cos2 t,

π

4
≤ t ≤ π

2

I =

∫

c

y + z

x
ds c

x2 + y2 = 4 z = 0 A(2, 0, 0)
B(

√
2,
√

2, 0)

c x2 + y2 = 4

x = 2 cos t, y = 2 sin t, z = 0,

ẋ = −2 sin t, ẏ = 2 cos t, ż = 0,

0 ≤ t ≤ π

4
.

(y + z)

x
= tan t

ds =
√

ẋ2(t) + ẏ2(t) + ż2(t) dt = 2dt.

x2+y2=x

c

x2+y2+z2=1

z

y

x

I =

∫

c

y + z

x
ds = 2

∫ π/4

t=0

tan t dt = 2
[

ln(cos t)
]π/4

t=0
= ln 2.

I =

∫

c

yds c

x2 +y2 +z2 = 1 x2 +y2 = x

x2 + y2 + z2 = 1

x2 + y2 = x ⇒
(

x − 1

2

)2

+ y2 =

(
1

2

)2

.

xy(
x − 1

2

)2

+y2 =

(
1

2

)2

x, y ≥ 0

x =
1

2
+

1

2
cos t, y =

1

2
sin t, z =

√
1 − x2 − y2 =

√
1 − cos t

2
,



:

ẋ = −1

2
sin t, ẏ =

1

2
cos t, ż =

sin t

2
√

2
√

1 − cos t
,

0 ≤ t ≤ π

ds =
√

ẋ2(t) + ẏ2(t) + ż2(t) dt =

√
1

4
+

sin2 t

8(1 − cos t)
dt.

I =

∫

c

yds =

∫ π

t=0

(
1

2
sin t

) √
1

4
+

1

8

sin t2

1 − cos t
dt.

cos t = x

I = −
∫ −1

1

1

25/2

√
x + 3dx =

1

3
(2
√

2 − 1).

x = 1 − t2, y = t
√

1 − t2, z = t,

0 ≤ t ≤ 1

I =

∫

c

2xdx + 6(x −
y)dy c
a O = (0, 0) A = (1, 1)
b x = sin t y = t t ∈
[0, 2π]
c y = 2x 1 ≤ x ≤ 3
d x = y2 A(1,−1) B(1, 1)
e O = (0, 0) A(1, 0) B = (1, 1)

f �r(t) = (1 − cos t)�i + sin t�j t ∈ [0, π/2]

B(3,6)

o

(f)

(e)

(d)

(c)(b)
(a)

o

K(1,0)

A(1,1)

O(0,0)

B(1,1)

A(1,0)O(0,0)

o
o

o

o

o

o

o

A(1,-1)

B(1,1)

A(1,2)

O(0,0) O(0,0)

y

y

x

xx

A(1,1)

x

x

x

y y

y

O(0,0)

y

xy

I =

∫ t2

t1

[
P (t)ẋ(t) + Q(t)ẏ(t)

]
dt.

a OA
y = x

x = t

y = t,
dx

dt
= ẋ = 1,

dy

dt
= ẏ = 1, 0 ≤ t ≤ 1,

P (x, y) = 2x = 2t, Q(x, y) = 6(x − y) = 0.

I =

∫ t2

t1

[
P (t)ẋ(t) + Q(t)ẏ(t)

]
dt =

∫ 1

t=0

(2t · 1 + 0 · 1) dt

=

∫ 1

t=0

2tdt = 1.



:

b

x = sin t, y = t, ẋ = cos t, ẏ = 1, 0 ≤ t ≤ 2π,

P (x, y) = 2x = 2 sin t, Q(x, y) = 6(x − y) = 6(sin t − t).

I =

∫ t2

t1

[
P (t)ẋ(t) + Q(t)ẏ(t)

]
dt

=

∫ 2π

t=0

[
2 sin t · cos t + 6(sin t − t) · 1

]
dt

=

∫ 2π

t=0

(sin(2t) + 6 sin t − 6t) dt

=

∫ 2π

t=0

sin(2t)dt +

∫ 2π

t=0

6 sin tdt +

∫ 2π

t=0

(−6t)dt

= 0 + 0 − 12π2 = −12π2.

c

x = t, y = 2x = 2t, ẋ = 1, ẏ = 2, 1 ≤ t ≤ 3,

P (x, y) = 2x = 2t, Q(x, y) = 6(x − y) = 6(t − 2t) = −6t.

I =

∫ t2

t1

[
P (t)ẋ(t) + Q(t)ẏ(t)

]
dt =

∫ 3

t=1

[
2t · 1 + (−6t) · 2

]
dt

=

∫ 3

t=1

(−10t)dt = −40.

d

y = t, x = t2, ẋ = 2t, ẏ = 1, −1 ≤ t ≤ 1,

P (x, y) = 2x = 2t2, Q(x, y) = 6(x − y) = 6(t2 − t).

I =

∫ t2

t1

[
P (t)ẋ(t) + Q(t)ẏ(t)

]
dt =

∫ 1

t=−1

[
2t2 · 2t + 6(t2 − t) · 1

]
dt

=

∫ 1

t=−1

4t3dt +

∫ 1

t=−1

6t2dt +

∫ 1

t=−1

(−6t)dt = 0 + 4 + 0 = 4.

e O → A A → B

O → A : x = t, y = 0, ẋ = 1, ẏ = 0, 0 ≤ t ≤ 1,

P (x, y) = 2x = 2t, Q(x, y) = 6(x − y) = 6(t − 0) = 6t,

A → B : x = 1, y = t, ẋ = 0, ẏ = 1, 0 ≤ t ≤ 1,

P (x, y) = 2x = 2, Q(x, y) = 6(x − y) = 6(1 − t).

I =

∫

c

[
P (t)ẋ(t) + Q(t)ẏ(t)

]
dt

=

∫

O→A

[
P (t)ẋ(t) + Q(t)ẏ(t)

]
dt +

∫

A→B

[
P (t)ẋ(t) + Q(t)ẏ(t)

]
dt

=

∫ 1

t=0

[
2t · 1 + 6t · 0

]
dt +

∫ 1

t=0

[
2 · 0 + 6(1 − t) · 1

]
dt

=

∫ 1

t=0

2tdt +

∫ 1

t=0

6(1 − t)dt = 1 + 3 = 4.



:

f

x = 1 − cos t, y = sin t, ẋ = sin t, ẏ = cos t, 0 ≤ t ≤ π

2
,

P (x, y) = 2x = 2(1 − cos t), Q(x, y) = 6(x − y) = 6(1 − cos t − sin t).

I =

∫ t2

t1

[
P (t)ẋ(t) + Q(t)ẏ(t)

]
dt

=

∫ π/2

t=0

[
2(1 − cos t) · sin t + 6(1 − cos t − sin t) · cos t

]
dt

=

∫ π/2

t=0

(
2 sin t + 6 cos t − 4 sin(2t) − 6 cos2 t

)
dt

=

∫ π/2

t=0

2 sin tdt +

∫ π/2

t=0

6 cos tdt

+

∫ π/2

t=0

(−4 sin(2t))dt +

∫ π/2

t=0

(−6 cos2 t)dt

= 2 + 6 − 4 − 3π

2
= 4 − 3π

2
.

�F = xy�i + y2�j + z3�k,

ÂB �r(t) = cos t�i + sin t�j + 2t�k t ∈ [0, π]

x = cos t, y = sin t, z = 2t, ẋ = − sin t, ẏ = cos t, ż = 2,

P (x, y, z) = xy = cos t sin t, Q(x, y, z) = y2 = sin2 t, R(x, y, z) = z3 = 8t3.

. B(0,1,1)

A(1,0,0)

.
x

y

x

y

z

A(1,0,0)

z

B(0,1,1).

I =

∫ t2

t1

[
P (t)ẋ(t) + Q(t)ẏ(t) + R(t)ż(t)

]
dt

=

∫ π

t=0

[
(cos t sin t) · (− sin t) + sin2 t · cos t + 8t3 · 2

]
dt

=

∫ π

t=0

16t3dt = 4π4.

F̄ = ex�i + ez�j + xyz�k,

A(1, 0, 0) B(0, 1, 1)
AB

2x + y2 + z2 = 2 y = z x ≥ 0

AB

�r(t) =
−→
OA + t

−→
AB =�i + t

(
−�i +�j + �k)

)
= (1 − t)�i + t�j + t�k,



:

x = 1 − t, y = t, z = t, ẋ = −1, ẏ = 1, ż = 1, 0 ≤ t ≤ 1,

P (x, y, z) = ex = e1−t, Q(x, y, z) = ez = et, R(x, y, z) = xyz = (1 − t)t2.

W =

∫

AB

�F · d�r =

∫ t2

t1

[
P (t)ẋ(t) + Q(t)ẏ(t) + R(t)ż(t)

]
dt

=

∫ 1

t=0

[
e1−t · (−1) + et · 1 + et · 1

]
dt

=

∫ 1

t=0

[
− e1−t + 2et

]
dt = e − 1.

2x+y2+z2 = 2
zy z2 +y2 = 2 y = z

z = y = t

x = 1 − t2, y = t, z = t, ẋ = −2t, ẏ = 1, ż = 1,

0 ≤ t ≤ 1.

P (x, y, z) = ex = e1−t2 , Q(x, y, z) = ez = et, R(x, y, z) = xyz = (1 − t2)t2.

W =

∫

AB

�F · d�r =

∫ t2

t1

[
P (t)ẋ(t) + Q(t)ẏ(t) + R(t)ż(t)

]
dt

=

∫ 1

t=0

[
e1−t2 · (−2t) + et · 1 + (1 − t2)t2 · 1

]
dt

=

∫ 1

t=0

(−2)te1−t2dt +

∫ 1

t=0

etdt +

∫ 1

t=0

t2(1 − t2)dt

= (1 − e) + (−1 + e) +
2

15
=

2

15
.

Green

I =

∮
−x2ydx+xy2dy c

x2 + y2 = a2

Green

x = a cos t, y = a sin t, ẋ = −a sin t, ẏ = a cos t, 0 ≤ t ≤ 2π,

I =

∮
−x2ydx + xy2dy

=

∫ t=2π

t=0

(
− (a cos t)2(a sin t)(−a sin t) + (a cos t)(a sin t)2(a cos t)

)
dt

= 2a4

∫ t=2π

t=0

cos2 t sin2 tdt =
a4

2

∫ t=2π

t=0

sin2(2t)dt

=
a4

4

∫ 4π

x=0

sin2(x)dx =
a4

4
2π =

πa4

2
.

P (x, y) = −x2y Q(x, y) = xy2

∂P

∂y
= −x2,

∂Q

∂x
= y2.

Green c
a

I =

∮
−x2ydx + xy2dy =

∫

Dxy

∫ (
∂(xy2)

∂x
− ∂(−x2y)

∂y

)
dxdy

=

∫

Dxy

∫
(y2 + x2)dxdy =

∫ 2π

t=0

∫ a

ρ=0

ρ2dρdt

=

∫ a

ρ=0

ρ3dρ

∫ 2π

t=0

dt =
πa4

2
.



:

x = ρ cos t, y = ρ sin t, dxdy = ρdρdt,

0 ≤ ρ ≤ a, 0 ≤ t ≤ 2π.

I =

∮
(2xy − x2)dx + (x + y2)dy,

c
y = x2 x = y2

P (x, y) = 2xy − x2 Q(x, y) = x + y2

Green

Dxy y = x2

x = y2

I =

∮
(2xy − x2)dx + (x + y2)dy

=

∫

Dxy

∫ (
∂(x + y2)

∂x
− ∂(2xy − x2)

∂y

)
dxdy

=

∫ 1

x=0

(∫ √
x

y=x2

(1 − 2x)dy

)
dx

=

∫ 1

x=0

(x1/2 − x2 − 2x3/2 + 2x3)dx =
1

30
.

OBA ACO
y = x2 x = y2

B
D

xy

C

y=x2

A(1,1)

y

O(0,0)

x

OBA

x = t, y = t2, 0 ≤ t ≤ 1,

IOBA =

∫

OBA

(2xy − x2)dx + (x + y2)dy

=

∫ 1

t=0

(
(2tt2 − t2) · 1 + (t + t4) · (2t)

)
dt

=

∫ 1

t=0

(2t5 + 2t3 + t2)dt =
7

6
.

ACO

x = t2, y = t, 0 ≤ t ≤ 1,

IACO =

∫

ACO

(2xy − x2)dx + (x + y2)dy

=

∫ 1

t=0

(
(2t2t − t4) · (2t) + (t2 + t2) · 1

)
dt

=

∫ 1

t=0

(−2t5 + 4t4 + 2t2)dt = −17

15
.

I = IOBA + IACO =
7

6
− 17

15
=

1

30
.



:

O

C B

A x

y

Green

I =

∮
(x2 − xy3)dx + (y2 − 2xy)dy,

c
O(0, 0) A(2, 0) B(2, 2) C(0, 2)

Green

OABCO

I =

∮

c:OABCO

(x2 − xy3)dx + (y2 − 2xy)dy

=

∫

c:O→A

(x2 − xy3)dx + (y2 − 2xy)dy

+

∫

c:A→B

(x2 − xy3)dx + (y2 − 2xy)dy

+

∫

c:B→C

(x2 − xy3)dx + (y2 − 2xy)dy

+

∫

c:C→O

(x2 − xy3)dx + (y2 − 2xy)dy.

x′x
y′y

x′x y
x

y′y y y

I =

∫

c:O→A

(x2 − xy3)dx +

∫

c:A→B

(y2 − 2xy)dy

+

∫

c:B→C

(x2 − xy3)dx +

∫

c:C→O

(y2 − 2xy)dy

=

∫ 2

x=0

(x2 − x(0)3)dx +

∫ 2

y=0

(y2 − 2(2)y)dy

+

∫ 0

x=2

(x2 − x(2)3)dx +

∫ 0

y=2

(y2 − 2(0)y)dy

=
8

3
− 16

3
+

40

3
− 8

3
= 8.

P (x, y) = x2 − xy3, Q(x, y) = y2 − 2xy,

∂P

∂y
= −3xy2,

∂Q

∂x
= −2y,

∂Q

∂x
− ∂P

∂y
= −2y + 3xy2,

Green

I =

∮
(x2 − xy3)dx + (y2 − 2xy)dy =

∫ ∫

Dxy

(
∂Q

∂x
− ∂P

∂y

)
dxdy

=

∫ 2

x=0

(∫ 2

y=0

(−2y + 3xy2)dy

)
dx =

∫ 2

x=0

(−4 + 8x)dx = 8.

y = x2 y = x + 2

Green
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y=x2

y=x+2 c
2

A(-1,1)
S

B(2,4)

y

c
1

x

S =
1

2

∮

c

−ydx + xdy.

y = x2, y = x + 2,

A(−1, 1) B(2, 4) c

S = I1 + I2 =
1

2

∫

c1

−ydx + xdy +
1

2

∫

c2

−ydx + xdy.

c1

c1 : x = t, y = t2, t : −1 −→ 2,

I1 =
1

2

∫

c1

−ydx + xdy =
1

2

∫ 2

t=−1

(
−y

dx

dt
+ x

dy

dt

)
dt

=
1

2

∫ 2

t=−1

(
−t2(1) + t(2t)

)
dt =

1

2

∫ 2

t=−1

t2dt =
3

2
.

.
c

(0,0)
x2+y2=a2

x2+4y2=4

x

y

c'

c2

c2 : x = t, y = t + 2, t : 2 −→ −1,

I2 =
1

2

∫

c2

−ydx + xdy =
1

2

∫ −1

t=2

(
−y

dx

dt
+ x

dy

dt

)
dt

=
1

2

∫ t=−1

t=2

(−(t + 2)(1) + t(1)) dt =
1

2

∫ −1

t=2

−2dt = 3.

S = I1 + I2 =
3

2
+ 3 =

9

2
.

Green

I =

∮

c

−y

x2 + y2
dx +

x

x2 + y2
dy,



:

c x2 + 4y2 = 4

P =
−y

x2 + y2
, Q =

x

x2 + y2
,

xy (0, 0)
D

∂Q

∂x
=

∂P

∂y
=

y2 − x2

(x2 + y2)2
.

(0, 0)
x2+y2 = a2

x = a cos θ, y = a sin θ, ẋ = −a sin θ, ẏ = a cos θ, 0 ≤ θ ≤ 2π,

P =
−y

x2 + y2
=

− sin θ

a
, Q =

x

x2 + y2
=

cos θ

a
.

I =

∮

c

−y

x2 + y2
dx +

x

x2 + y2
dy =

∮ ( −y

x2 + y2
ẋ +

x

x2 + y2
ẏ

)
dθ

=

∫ 2π

0

(− sin θ

a
(−a sin θ) +

cos θ

a
(a cos θ)

)
dθ =

∫ 2π

0

dθ = 2π.

I =

∮ −ydx + xdy

x2 + y2
,

a ABC

...

(c)(b)(a)

C(3,0)

B(1,-1)

x

y

x2+y2=a2
(x+2) 2+y2=1A(1,1)

y

K(-2,0)x

y

.
x

A(1, 1) B(1,−1) C(3, 0)
b x2 + y2 = a2

c x2 + y2 + 4x + 3 = 0

a

P =
−y

x2 + y2
, Q =

x

x2 + y2
,

ABC
a Green

∂Q

∂x
=

∂P

∂y
=

y2 − x2

(x2 + y2)2
.

I =

∮ −ydx + xdy

x2 + y2
=

∫

Dxy

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy =

∫

Dxy

∫
0dxdy = 0.

b b
(0, 0) P Q

Green
∂Q

∂x
=

∂P

∂y



:

O(0, 0)
x2 + y2 = a2

x = a cos t, y = a sin t, ẋ = −a sin t, ẏ = a cos t, 0 ≤ t ≤ 2π,

I = =

∮ −ydx + xdy

x2 + y2
=

∮ (−yẋ + xẏ

x2 + y2

)
dt

=

∫ 2π

t=0

(−(a sin t)

a2
(−a sin t) +

(a cos t)

a2
(a cos t)

)
dt

=

∫ 2π

t=0

(sin2 t + cos2 t)dt =

∫ 2π

t=0

dt = 2π.

c x2+y2+4x+3 = 0 (x+2)2+y2 = 1
1 K(−2, 0)

c
O(0, 0)

Green
∂Q

∂x
=

∂P

∂y

I =

∮

c:x2+y2+4x+3=0

−ydx + xdy

x2 + y2
=

∫

Dxy

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy

=

∫

Dxy

∫
0dxdy = 0.

I =

∮ −ydx + xdy

a2x2 + b2y2
,

c x2 + y2 = r2, (r > 0, a, b ∈ R∗
+).

(0, 0)

P (x, y) =
−y

a2x2 + b2y2
, Q(x, y) =

x

a2x2 + b2y2
,

∂P

∂y
=

−a2x2 + b2y2

(a2x2 + b2y2)2
=

∂Q

∂x
.

(0, 0)
a2x2 + b2y2 = 1

x =
1

a
cos t, y =

1

b
sin t, 0 ≤ t ≤ 2π,

I =

∮

c:x2+y2=r2

−ydx + xdy

a2x2 + b2y2
=

∮

c:a2x2+b2y2=1

( −yẋ + xẏ

a2x2 + b2y2

)
dt

=

∫ 2π

t=0

(
(−1

b
sin t)(−1

a
sin t) + (

1

a
cos t)(

1

b
cos t)

)
dt

=

∫ 2π

t=0

1

ab
dt =

2π

ab
.

I =

∮
x√

x2 + y2 − a2
dx +

y√
x2 + y2 − a2

dy,

x2 + y2 = a2

D c
x2 + y2 = a2

x2 + y2 − a2 > 0

∂P

∂y
=

∂Q

∂x
= − xy

(x2 + y2 − a2)3/2
.



:

x

y

c

x2+y2=b2x2+y2=a2

x2+y2 = b2, b > a

x = b cos θ, y = b sin θ, 0 ≤ θ ≤ 2π,

I =

∮
x√

x2 + y2 − a2
dx +

y√
x2 + y2 − a2

dy

=

∮ (
x√

x2 + y2 − a2
ẋ +

y√
x2 + y2 − a2

ẏ

)
dθ

=

∫ 2π

θ=0

(
b cos θ√
b2 − a2

(−b sin θ) +
b sin θ√
b2 − a2

(b cos θ)

)
dθ =

∫ 2π

θ=0

0dθ = 0.

I =

∫ B

A

(2xy − y4 + 3)dx + (x2 − 4xy3)dy,

B(x,y)

K(x,0)A(1,0)

.

...
.

A(1,0)

y

xK(2,0)
.

(b)

B(2,1)

x

y
(a)

A(1, 0) B(2, 1)

A
B

U = U(x, y)

dU = (2xy − y4 + 3)dx + (x2 − 4xy3)dy.

I

∂Q

∂x
=

∂P

∂y

P (x, y) = 2xy − y4 + 3, Q(x, y) = x2 − 4xy3,

∂Q

∂x
=

∂P

∂y
= 2x − 4y3.

U(x, y) dU = (2xy−y4 +3)dx+(x2−
4xy3)dy

dU(x, y) =
∂U

∂x
dx +

∂U

∂y
dy,



:

∂U

∂x
= 2xy − y4 + 3,

∂U

∂y
= x2 − 4xy3.

∂U

∂x
= 2xy − y4 + 3 ⇒ U =

∫
(2xy − y4 + 3)dx = yx2 − xy4 + 3x + C(y)

⇒ ∂U

∂y
= x2 − 4xy3 +

∂C(y)

∂y
.

∂C(y)

∂y
= 0,

C
U(x, y) = yx2 − xy4 + 3x + C

U(x, y)

U(x, y) =

∫ B(x,y)

A(1,0)

(2x′y′ − y′4 + 3)dx′ + (x′2 − 4x′y′3)dy′ + C,

K(x, 0)

U(x, y) =

∫ B(x,y)

A(1,0)

(2x′y′ − y′4 + 3)dx′ + (x′2 − 4x′y′3)dy′ + C

=

∫ K(x,0)

A(1,0)

(2x′(0) − (0)4 + 3)dx′

+

∫ B(x,y)

K(x,0)

(x2 − 4xy′3)dy′ = 3x + yx2 − xy4 + C.

I =

∫ B

A

(2xy − y4 + 3)dx + (x2 − 4xy3)dy

=

∫ B

A

dU(x, y) = U(xB , yB) − U(xA, yA)

= (1)(2)2 − (2)(1)4 + 3(2) + C − ((0)(1)2 − (1)(0)4 + 3(1) + C) = 5.

K(2, 0)
AKB

I =

∫ B

A

(2xy − y4 + 3)dx + (x2 − 4xy3)dy

=

∫

A→K

(2xy − y4 + 3)dx +

∫

K→B

(x2 − 4xy3)dy

=

∫ 2

x=1

(2x(0) − (0)4 + 3)dx +

∫ 1

y=0

((2)2 − 4(2)y3)dy = 3 + 2 = 5.

�F = − y

x2 + y2
�i +

x

x2 + y2
�j.

I =

∮
�F · d�r

O(0, 0)
U(x, y)

P Q O(0, 0)

∂P

∂y
=

∂Q

∂x
=

y2 − x2

(x2 + y2)2
.

O(0, 0)
x2 + y2 = 1

x = cos θ, y = sin θ, ẋ = − sin θ, ẏ = cos θ, 0 ≤ θ ≤ 2π,

P = − sin θ, Q = cos θ.



:

I =

∮
�F · d�r =

∮
− y

x2 + y2
dx +

x

x2 + y2
dy

=

∮ (
− y

x2 + y2
ẋ +

x

x2 + y2
ẏ

)
dθ

=

∫ 2π

0

(
(− sin θ)(− sin θ) + (cos θ)(cos θ)

)
dθ =

∫ 2π

0

dθ = 2π �= 0.

U(x, y)

∂U

∂x
= P = − y

x2 + y2
⇒ U(x, y) =

∫
− y

x2 + y2
dx + C(y) ⇒

U(x, y) = −arc tan

(
x

y

)
+ C(y).

∂U

∂y
= Q ⇒ x

x2 + y2
+

dC(y)

dy
=

x

x2 + y2
.

C = U(x, y)

U(x, y) = −arc tan

(
x

y

)
+ C.

�F = − k

r2

�r

r
= −k

(
x

(x2 + y2)3/2
�i +

y

(x2 + y2)3/2
�j

)
,

I =

∮
�F · d�r

O(0, 0)
U(x, y)

P = − kx

(x2 + y2)3/2
Q = − ky

(x2 + y2)3/2

O(0, 0)

∂P

∂y
=

3kxy

(x2 + y2)5/2
=

∂Q

∂x
.

(0, 0)
x2 + y2 = 1

x = cos θ, y = sin θ, ẋ = − sin θ, ẏ = cos θ, 0 ≤ θ ≤ 2π,

P = −k sin θ, Q = k cos θ.

I =

∮
�F · d�r =

∮
− kx

(x2 + y2)3/2
dx − ky

(x2 + y2)3/2
dy

=

∮
−k

(
x

(x2 + y2)3/2
ẋ +

y

(x2 + y2)3/2
ẏ

)
dθ

=

∫ 2π

0

(
(−k cos θ)(− sin θ) − k(sin θ)(cos θ)

)
dθ = 0.

U(x, y)

∂U

∂x
= P (x, y) = −k

x

(x2 + y2)3/2
⇒

U(x, y) =

∫
−k

x

(x2 + y2)3/2
dx + C(y) ⇒

U(x, y) =
k√

x2 + y2
+ C(y).

∂U

∂y
= Q ⇒ −k

y

(x2 + y2)3/2
+

dC(y)

dy
= −k

y

(x2 + y2)3/2
.



:

(a) B(2,2)

A(1,0) x

y (b) B(2,2)

C
D

A(1,0)

x

y

(c)

A

B

x

y

C = U(x, y)

U(x, y) =
k√

x2 + y2
+ C.

I =

∫

c

− y

x2 + y2
dx +

x

x2 + y2
dy,

c (1, 0)
(2, 2) (0, 0)

(0, 0)

P (x, y) = − y

x2 + y2
, Q(x, y) =

x

x2 + y2
,

∂P

∂y
=

−x2 + y2

(x2 + y2)2
=

∂Q

∂x
.

(0, 0)

Green 0

(0, 0)

a A(1, 0) B(2, 2)
a

A(1, 0) → C(2, 0) → B(2, 2)

I =

∫

c

− y

x2 + y2
dx +

x

x2 + y2
dy

=

∫ C(2,0)

A(1,0)

− y

x2 + y2
dx +

∫ B(2,2)

C(2,0)

x

x2 + y2
dy

=

∫ 2

y=0

2

22 + y2
dy =

[
arc tan(

y

2
)
]y=2

y=0
=

π

4
.

b c b
(0, 0)

I =

∫

c

=

∫

ADCB

=

∮

ADCA

+

∫

ACB

.

∫

ACB∫

ACB

=
π

4

∮

ADCA
(0, 0)

∂P

∂y
=

y2 − x2

(x2 + y2)2
=

∂Q

∂x
.

(0, 0) x2 + y2 = 1

x = cos t, y = sin t, ẋ = − sin t, ẏ = cos t, 0 ≤ t ≤ 2π.



:

∮

ADCA

=

∫
− y

x2 + y2
dx +

x

x2 + y2
dy =

∫ (
− y

x2 + y2
ẋ +

x

x2 + y2
ẏ

)
dt

=

∫ 2π

t=0

(
− (sin t)(− sin t) + (cos t)(cos t)

)
dt =

∫ 2π

t=0

dt = 2π.

I = 2π +
π

4
.

c

c n (0, 0)

I = 2nπ +
π

4
.

�r(t) = (2a cos t − a cos 2t)�i + (2a sin t − a sin 2t)�j, 0 ≤ t ≤ 2π.

c
Green

S =
1

2

∮

c

−ydx + xdy.

y = 2a sin t − a sin 2t,
dy

dt
= 2a cos t − 2a cos 2t,

x = 2a cos t − a cos 2t,
dx

dt
= −2a sin t + 2a sin 2t.

S =
1

2

∮

c

−ydx + xdy =
1

2

∮

c

(
−y

dx

dt
+ x

dy

dt

)
dt

=
1

2

∫ 2π

t=0

(
− (2a sin t − a sin 2t)(−2a sin t + 2a sin 2t)

+ (2a cos t − a cos 2t)(2a cos t − 2a cos 2t)
)

dt

=
1

2

∫ 2π

t=0

(
6a2 − 6a2 sin t sin 2t − 6a2 cos t cos 2t

)
dt.

sin 2t = 2 sin t cos t, cos 2t = cos2 t − sin2 t

S =
1

2

∫ 2π

t=0

(
6a2 − 6a2 cos t

)
dt = 6a2π.

D

S =

∫

D

∫
dxdy

Dxy = {(x, y) ∈ R2 : x2 + y2 ≤ 52,
x2

42
+

y2

32
≥ 1}.

S = S1 − S2

S1 S2

S1 Green

S1 =
1

2

∮
−ydx + xdy.



:

x2/42+y2/32=1D

O

x2+y2=52

x

y

x = 5 cos t, y = 5 sin t, 0 ≤ t ≤ 2π,

S1 =
1

2

∮

c

−ydx + xdy =
1

2

∮

c

(
−y

dx

dt
+ x

dy

dt

)
dt

=
1

2

∫ 2π

t=0

(
(−5 sin t)(−5 sin t) + (5 cos t)(5 cos t)

)
dt

=
1

2

∫ 2π

t=0

25dt = 25π.

S2 S2

S2 =
1

2

∮
−ydx + xdy.

x = 4 cos t, y = 3 sin t, 0 ≤ t ≤ 2π,

S2 =
1

2

∮

c

−ydx + xdy =
1

2

∮

c

(
−y

dx

dt
+ x

dy

dt

)
dt

=
1

2

∫ 2π

t=0

(
(−3 sin t)(−4 sin t) + (4 cos t)(3 cos t)

)
dt

=
1

2

∫ 2π

t=0

12dt = 12π.

S = S1 − S2 = 25π − 12π = 13π

S = −
∮

c

ydx S =

∮

c

xdy

S =

∫

D

∫
dxdy

I =

∮

c

y3dx − x3dy c

| x | + | y |= 1

ABCD

A −→ B x + y = 1
x = t, y = 1 − t, t : 1 −→ 0

I1 =

∫ 0

t=1

(
(1 − t)3(1) − (t3)(−1)

)
dt = −1

2
.

B −→ C −x+y = 1
x = t, y = 1 + t, t : 0 −→ −1

I2 =

∫ −1

t=0

(
(1 + t)3(1) − (t3)(1)

)
dt = −1

2
.

C −→ D −x−y = 1
x = t, y = −1 − t, t : −1 −→ 0

I3 =

∫ 0

t=−1

(
(−1 − t)3(1) − (t3)(−1)

)
dt = −1

2
.

D −→ A x − y = 1
x = t, y = −1 + t, t : 0 −→ 1

I4 =

∫ 1

t=0

(
(−1 + t)3(1) − (t3)(1)

)
dt = −1

2
.



:

x-y=1-x-y=1

-x+y=1 x+y=1

O

x

y

D(0,-1)

C(-1,0)

B(0,1)

A(1,0)

I = I1 + I2 + I3 + I4 = −2

Green

I =

∮

c

y3dx − x3dy =

∫

Dxy

∫ (
∂(−x3)

∂x
− ∂y3

∂y

)
dxdy

= −3

∫

Dxy

∫
(x2 + y2)dxdy.

x2 + y2

y
x ≥ 0

I = −3

∫ ∫

Dxy

(x2 + y2)dxdy = −6

∫ ∫

D̃xy

(x2 + y2)dxdy

= −6

∫ 1

x=0

(∫ y=1−x

y=x−1

(x2 + y2)dy

)
dx

= −6

∫ 1

x=0

(
2

3
− 2x + 4x2 − 8x3

3

)
dx = −6

1

3
= −2.

I =

∮

c

ydx + zdy +

xdz c
x2 + y2 + z2 = 1 x + z = 1

c
xy

z

x2 + y2 + (1 − x)2 = 12 ⇒ (x − 1
2
)2

(1
2
)2

+
y2

(
√

2
2

)2
= 1.

x =
1

2
+

1

2
cos t, y =

√
2

2
sin t, 0 ≤ t ≤ 2π.

c

x =
1

2
(1 + cos t), y =

√
2

2
sin t, z = 1 − x =

1

2
(1 − cos t), 0 ≤ t ≤ 2π.

I =

∮

c

ydx + zdy + xdz =

∮

c

(
y
dx

dt
+ z

dy

dt
+ x

dz

dt

)
dt

=

∫ 2π

t=0

(
(

√
2

2
sin t)(−1

2
sin t) + (

1

2
(1 − cos t))(

√
2

2
cos t)

+ (
1

2
(1 + cos t))(

1

2
sin t)

)
dt

=

∫ 2π

t=0

(
−
√

2

4
+

√
2

4
cos t +

1

4
sin t +

1

4
cos t sin t

)
dt

=

∫ 2π

t=0

(−
√

2

4
)dt = −

√
2π

2
.

Stokes



:

I =

∫

c

xy2dx−x2dy

c

D = {(x, y) ∈ R2 : x ≥ y2, 2x − 1 ≤ y2},

D

x = 2x−1 ⇒ x = 1, y = ±1
I

I =

∫

c

= IA→O→B + IB→C→A.

IA→O→B

x = t2, y = t, t : 1 −→ −1,

IA→O→B =

∫ −1

t=1

(
(t2)(t2)(2t) − (t4)(1)

)
dt =

∫ −1

t=1

(
2t5 − t4

)
dt =

2

5
.

IB→C→A

x =
1

2
(t2 + 1), y = t, t : −1 −→ 1,

IB→C→A =

∫ 1

t=−1

(
(
1

2
(t2 + 1))(t2)(t) − (

1

2
(t2 + 1))2(1)

)
dt

=

∫ 1

t=−1

(
1

2
(t2 + 1)t3 − 1

4
(t2 + 1)2

)
dt = −14

15
.

∫

c

= IA→O→B + IB→C→A =
2

5
− 14

15
= − 8

15
.

2x-1=y2

B(1,-1)

O

y

A(1,1) x=y2

x

C(1/2,0)

Green

I =

∫

c

xy2dx − x2dy =

∫

D

∫ (
∂(−x2)

∂x
− ∂(xy2)

∂y

)
dxdy

=

∫

D

∫ (
− 2x − 2xy

)
dxdy

=

∫ 1

y=−1

(∫ 1/2(y2+1)

x=y2

(
− 2x − 2xy

)
dx

)
dy = − 8

15
.

D

S =

∫

D

∫
dxdy =

∫ 1

y=−1

(∫ 1/2(y2+1)

x=y2

dx

)
dy =

2

3
.

I =

∫

c

|x − y|dy c

x = a cos t y = a| sin t| (a > 0) −π/4 ≤ t ≤ π/2



:









π/4



c : A → B →
A → C
∫

c

|x−y|dy =

∫

A→B

|x−y|dy+

∫

B→A

|x−y|dy+

∫

A→C

|x−y|dy =

∫

A→C

|x−y|dy.

|x−y| = −(x−y)
t ≥ π/4 y > x y = a sin t

I =

∫

c

|x − y|dy =

∫

A→C

|x − y|dy =

∫ π/2

t=π/4

(a sin t − a cos t)(a cos t)dt

= a2

∫ π/2

t=π/4

(sin t cos t − cos2 t)dt = a24 − π

8
.

I =

∫

c

(
x2y +

1

3
y3 + yexy

)
dx + (x + xexy) dy,

c x2 + y2 = 1 y ≥ 0

D
O

B

C A

y

x

ABC

I =

∫

ABC

(
x2y +

1

3
y3 + yexy

)
dx + (x + xexy) dy

=

∮

ABCOA

(
x2y +

1

3
y3 + yexy

)
dx + (x + xexy) dy

−
∫

AOC

(
x2y +

1

3
y3 + yexy

)
dx + (x + xexy) dy.

Green

∂Q

∂x
= 1+exy+xyexy,

∂P

∂y
= x2+y2+exy +xyexy,

∂Q

∂x
− ∂P

∂y
= 1−x2−y2.

x = ρ cos θ, y = ρ sin θ, dxdy = ρdρdθ,

0 ≤ ρ ≤ 1, 0 ≤ θ ≤ π,



:

E

BD

C

A

x

y

A(1, 0) C(0, eπ/2) D(−e−π, 0) E(0, e3π/2) B(e2π, 0)

IABCOA =

∮

ABCOA

(
x2y +

1

3
y3 + yexy

)
dx + (x + xexy) dy

=

∫

D

∫ (
1 − x2 − y2

)
dxdy =

∫

G

∫
(1 − ρ2)ρdρdθ

=

∫ π

θ=0

dθ ·
∫ 1

ρ=0

(1 − ρ2)ρdρ = π · 1

4
=

π

4
.

AOC y = 0
dy = 0

IAOC =

∫

CDA

(
x2y +

1

3
y3 + yexy

)
dx + (x + xexy) dy

=

∫ 1

x=−1

(
x2 · 0 +

1

3
03 + 0exy

)
dx = 0.

IABC = IABCOA − IAOC =
π

4
− 0 =

π

4
.

I =

∫

c

(
2xy

1 + x2
− x2y − 1

3
y3 +

2

3

)
dx + ln(1 + x2)dy

c

�r(t) = et cos t�i + et sin t�j, t ∈ [0, 2π].

IACDEB = IACDEBA − IAB.

IACDEBA

Green

∂Q

∂x
=

2x

1 + x2
,

∂P

∂y
=

2x

1 + x2
− x2 − y2,

∂Q

∂x
− ∂P

∂y
= x2 + y2.

IACDEBA =

∮ (
2xy

1 + x2
− x2y − 1

3
y3 +

2

3

)
dx + ln(1 + x2)dy

=

∫

D

∫ (
x2 + y2

)
dxdy.

x = ρ cos θ, y = ρ sin θ, dxdy = ρdρdθ.

ρ
θ = t

0 ≤ ρ2 ≤ x2 + y2 = (et cos t)2 + (et sin t)2 ⇒ 0 ≤ ρ ≤ et,

0 ≤ θ ≤ 2π.

IACDEBA =

∫

D

∫ (
x2 + y2

)
dxdy =

∫

G

∫
ρ2ρdρdθ

=

∫ 2π

θ=0

(∫ eθ

ρ=0

ρ3dρ

)
dθ =

1

4

∫ 2π

θ=0

e4θdθ

=
1

4
· 1

4

(
e8π − 1

)
=

1

16

(
e8π − 1

)
.



:

D

A

y

O

x

B

IAB

dy = 0 y = 0

IAB =

∫ e2π

x=1

2

3
dx =

2

3

[
x
]e2π

1
=

2

3

(
1 − e2π

)
.

IACDEB = IACDEBA − IAB =
1

16

(
e8π − 1

)
− 2

3

(
1 − e2π

)
.

Green

I =

∫

D

∫
xy√

x2 + y2
dxdy

D (x < 0, y > 0)
x2 + y2 = 1

Green

∮

OABO

P (x, y)dx + Q(x, y)dy =

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy.

P (x, y) = 0,
∂Q

∂x
=

xy√
x2 + y2

.

∂Q

∂x
=

xy√
x2 + y2

→ Q(x, y) =

∫
xy√

x2 + y2
dy → Q(x, y) = y

√
x2 + y2+C(y).

C(y) y
C(y) = 0

ABCO

A → B : x = cos θ, y = sin θ, π/2 ≤ θ ≤ π.

B → O : y = 0, dy = 0, −1 ≤ x ≤ 0.

O → A : x = 0, dx = 0, 0 ≤ y ≤ 1.

IAB =

∫

A→B

Q(x, y)dy =

∫
y
√

x2 + y2dy =

∫ π

θ=π/2

sin θ(cos θ)dθ = −1

2
.

IBO =

∫

B→O

Q(x, y)dy =

∫
y
√

x2 + y2dy = 0.

IOA =

∫

O→A

Q(x, y)dy =

∫
y
√

x2 + y2dy =

∫ 1

y=0

y2dy =
1

3
.

I = IAB + IBO + IOA = −1

2
+ 0 +

1

3
= −1

6
.

x = ρ cos θ, y = ρ sin θ, dxdy = ρdρdθ,



:

|x|=-x  |y|=-y

|x|=-x  |y|=y |x|=x  |y|=y

3o

2o 1o

y

x

0 ≤ ρ ≤ 1,
π

2
≤ θ ≤ π.

I =

∫

D

∫
xy√

x2 + y2
dxdy =

∫

G

∫
ρ3 cos θ sin θ

ρ
dρdθ

=

∫ 1

ρ=0

ρ2dρ

∫ π

θ=π/2

1

2
sin 2θdθ =

1

3
·
(
−1

2

)
= −1

6
.

I =

∫

c

1

|x| + |y|dx +
1

|x| + |y|dy

c
x2 + y2 = a2

x = a cos θ, y = a sin θ,

|x| = x, |y| = y

I1 =

∫

c

1

x + y
dx +

1

x + y
dy

=

∫ π/2

θ=0

(
1

a(cos θ + sin θ)
(−a sin θ) +

1

a(cos θ + sin θ)
(a cos θ)

)
dθ

=

∫ π/2

θ=0

(
cos θ − sin θ

cos θ + sin θ

)
dθ = 0.

|x| = −x, |y| = y

I2 =

∫

c

1

−x + y
dx +

1

−x + y
dy

=

∫ π

θ=π/2

(
1

a(− cos θ + sin θ)
(−a sin θ) +

1

a(− cos θ + sin θ)
(a cos θ)

)
dθ

=

∫ π

θ=π/2

(
cos θ − sin θ

− cos θ + sin θ

)
dθ = −

∫ π

θ=π/2

dθ = −π

2
.

|x| = −x, |y| = −y

I3 =

∫

c

1

−x − y
dx +

1

−x − y
dy

=

∫ 3π/2

θ=π

(
1

a(− cos θ − sin θ)
(−a sin θ) +

1

a(− cos θ − sin θ)
(a cos θ)

)
dθ

=

∫ 3π/2

θ=π

(− cos θ + sin θ

cos θ + sin θ

)
dθ = 0.

I = I1 + I2 + I3 = 0 − π

2
+ 0 = −π

2
.



:

D
xy

O

(x-1)2+y2=22

.
K(1,0)

y

x

I =

∮
(x2 − y)dx + (x − y)dy

(x2 − 2x + y2)2
,

c x2 − 2x + y2 = 3

x2−2x+y2 = 3 (x−1)2+y2 =
22

x = 1 + 2 cos θ, y = 2 sin θ,

I =

∫ 2π

θ=0

[
(1 + 2 cos θ)2 − 2 sin θ

9
(−2 sin θ) +

1 + 2 cos θ − 2 sin θ

9
(2 cos θ)

]
dθ

=
1

9

∫ 2π

θ=0

[
2(cos θ − sin θ) − 12 cos θ sin θ − 8 cos2 θ sin θ + 4

]
dθ

=
1

9

∫ 2π

θ=0

4dθ =
8π

9
.

Green
(x2 − 2x + y2)2 = 9

I =
1

9

∮
(x2 − y)dx + (x − y)dy.

∂Q

∂x
= 1,

∂P

∂y
= −1,

Green

I =
1

9

∮
(x2 − y)dx + (x − y)dy =

∫

Dxy

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy

=
2

9

∫

Dxy

∫
dxdy =

2

9
π22 =

8π

9
.

∫

Dxy

∫
dxdy

(x − 1)2 + y2 = 22

π22 = 4π

Green

I =

∮

c

√
x2 + y2dx + y

(
xy + ln(x +

√
x2 + y2)

)
dy

c {x = 1 + cos t, y = 2 + sin t, 0 ≤ t ≤ 2π}
Green c′ {x =

2 cos t, y = 2 sin t, 0 ≤ t ≤ 2π} ;

(x− 1)2 + (y − 2)2 = 1 Green

∂Q

∂x
− ∂P

∂y
= y2,

I =

∮

c

√
x2 + y2dx + y

(
xy + ln(x +

√
x2 + y2)

)
dy

=

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy =

∫

D

∫
y2dxdy



:

D

x2+y2=22

O

(x-1)2+(y-2)2=1
y

x

D (x − 1)2 + (y − 2)2 = 1

x = 1 + ρ cos θ, y = 2 + ρ sin θ, dxdy = ρdρdθ,

0 ≤ ρ ≤ 1, 0 ≤ θ ≤ 2π,

I =

∫

D

∫
y2dxdy =

∫

G

∫
(2 + ρ sin θ)2 ρdρdθ = 4

∫ 2π

θ=0

∫ 1

ρ=0

ρdρdθ

+

∫ 2π

θ=0

∫ 1

ρ=0

ρ3 sin2 θdρdθ + 4

∫ 2π

θ=0

∫ 1

ρ=0

ρ2 sin θdρdθ

= 4π +
π

4
+ 0 =

17π

4
.

c′ x2 + y2 = 22

O(0, 0)
P Q

Green

I =

∫

c

y

z
dx +

x

z
dy − xy

z2
dz,

z > 0
A(0, 0, 1)

B(1, 1, 1)

rot�F = �0

�F =
y

z
�i +

x

z
�j − xy

z2
�k.

rot�F =
(
− x

z2
+

x

z2

)
�i +

(
− y

z2
+

y

z2

)
�j +

(
1

z
− 1

z

)
�k = �0.

A(0, 0, 1)
B(1, 1, 1)

z > 0

x = t, y = t, z = 1, 0 ≤ t ≤ 1.

I =

∫

c

y

z
dx +

x

z
dy − xy

z2
dz =

∫ 1

t=0

(
t

1
· 1 +

t

1
· 1 − t2

12
· 0

)
dt =

∫ 1

t=0

2tdt = 1.

S x2 + y2 + z = 2π
�F (x, y, z) = z2�i+3y2�j+2xz�k

I =

∫

c

�F ·d�r

c S
A(

√
2π, 0, 0) B(0, 0, 2π)

rot�F = (0 − 0)�i + (2z − 2z)�j + (0 − 0)�k = �0.



:

A(
√

2π, 0, 0)
B(0, 0, 2π)

A(
√

2π, 0, 0) →
O(0, 0, 0) → B(0, 0, 2π)

A(
√

2π, 0, 0) → O(0, 0, 0) : y = 0, z = 0, dy = dz = 0, 0 ≤ x ≤
√

2π.

O(0, 0, 0) → B(0, 0, 2π) : x = 0, y = 0, dy = dx = 0, 0 ≤ z ≤ 2π.

I =

�

c

�F · d�r =

�

c

z2dx + 3y2dy + 2xzdz

=

�

A→O

z2dx +

�

O→B

2xzdz = 0 + 0 = 0.

�F =
x2y

4
�i +

�
x − xy2

9

�
�j

xy

�F

Green

I =

�

c

�F · d�r =

�

D

� �
∂Q

∂x
− ∂P

∂y

�
dxdy =

�

D

� �
1 − y2

9
− x2

4

�
dxdy.

I =

�

D

� �
1 − y2

9
− x2

4

�
dxdy =

�

D

� 


� 1− y2

9
−x2

4

z=0

dz


 dxdy.

D z =

�
1 − y2

9
− x2

4

�

x2/4+y2/9=1 y

Dxy

x D

z

z=1-y2/9-x2/4

Dxy z

xy
y2

9
+

x2

4
= 1

D

�r = x�i + y(x)�j,

I =

∮
�F · d�r =

∮
x2y

4
dx +

(
x − xy2

9

)
dy

=

∫ b

x=a

[
x2y(x)

4
+

(
x − xy(x)2

9

)
dy

dx

]
dx.

Η παρακάτω λύση μπορεί να παραληφθεί από τον αναγνώστη αφού δεν συνδέεται άμεσα με
τη θεωρία του παρόντος βιβλίου. Για μία εισαγωγή στη θεωρία των μεταβολών παραπέμπουμε
στο παράρτημα του βιβλίου ενώ για περισσότερες λεπτομέρειες παραπέμπουμε στο βιβλίο
Σημειώσεις Μαθηματικών Μεθόδων Φυσικής Σ.Ε. Μάσεν, Εκδόσεις ΑΠΘ.



:

I[y(x)] =

∫ b

x=a

(
x2y(x)

4
+

(
x − xy(x)2

9

)
y′

)
dx.

y(x)

I = [y(x)] =

∫ x=b

x=a

f
(

x, y(x), y′(x),
)

dx,

Euler-Lagrange

∂f

∂y
− d

dx

(
∂f

∂y′

)
= 0.

f(x, y, y′) =
x2y

4
+

(
x − xy2

9

)
y′.

Euler-Lagrange

x2

4
− 1 +

y2

9
= 0,

I =

∫

c

xyds c

|x| + |y| = 1

x2/3 + y2/3 = a2/3 a > 0
x = a(t−sin t) y = a(1−cos t) 0 ≤ t ≤ 2π

ρ = a sin3 θ

3
0 ≤ θ ≤ 3π a > 0

x2 + y2 + z2 = 1
x2 + y2 = x

f(x, y)

r = r(t) t1 ≤ t ≤ t2

I =

∫ t2

t1

f(r cos t, r sin t)

√
r2 +

(
dr

dt

)2

dt.

r = 1+cos t, t ∈ [0, 2π]

�F = yez�i + xez�j + xyez�k
x2 + y2 = 1

I =

∮

c

�F · d�r

z = 1
x + y + z = 1

I =

∫

c

xdy − ydx

x4 − y4
,

c y =
√

x2 − 1 x ≥ 1



:

I =

∫

c

−y

x2 + y2
dx +

x

x2 + y2
dy,

c

(ÔA, OB) A B

I =

∮
y2dx + x2dy c

O(0, 0) A(1, 0) B(1, 1)

I =

∫

c

(x2 − y)dx + (y2 −
x)dy c AB

y = x2 A(1, 1) O(0, 0) BA
O

√
2

I =

∫

c

(xy + z)dx + (xy + z)dy + (xy + z)dz,

c y2+z2 = a2 x = 0
A(0, 0, a) B(0, a, 0)

I =

∫

ÂB

xydx ÂB

x = y2 A(1,−1) B(1, 1)

I1 − I2

I1 =

∫

AB

(x + y)2dx − (x − y)2dy,

I2 =

∫

ÂB

(x + y)2dx − (x − y)2dy,

A(0, 0) B(1, 1) AB ÂB
y = x2 A B

�F (x, y, z) = x�i +

y�j + 2�k

OA + ÂB + BC + CO OA OC

x̂Oy ŷOz AB x2 + y2 = 4 BC//z′z

I =

∫

c

yexydx+xexydy

c y = sin7 x O(0, 0)
A(π, 0)

I =

∫

c

ex sin
πy

2
dx +

π

2
ex sin

πy

2
dy,

c x2 + y2 = 1 x ≥ 0
(0, 1) (0,−1)

I =

∫

c

(3x2 + 2xy − 2x − y + 1)dx + (x2 − x)dy,

c AB A(0, 4)
B(1, 1)

I =

∫

c:A→B

sin(yz)dx + zx cos(yz)dy + xy cos(yz)dx,

AB
A(1, 0, 0) B(1, 0, 2π)

I =

∫

c

y3dx − x3dy c

D
x2 + y2 = 1 x2 + y2 = 22 y ≥ 0

�F c



:

�F (x, y) = (x2 +y2)�i+(x2−y2)�j c A(0, 0)
B(2, 0) y = 1 − |1 − x|
�F (x, y) = (2a−y)�i+x�j c

�r = a(t − sin t)�i + a(1 − cos t)�j 0 ≤ t ≤ 2π
�F (x, y, z) = (y−z)�i+(z−x)�j +(x−y)�k c

x2 +y2+z2 = a2

y = x tan a a > 0 a < π

I =

∫

c

y2dx + xydy + xzdz c

x2 + y2 = 2y
y = z

�F =
y

x2 + y2
�i − x

x2 + y2
�j,

(−1, 0)
(0,−1) (1, 0)

�F = λ2y�i + x�j + λz�k

�r(t) = sin t�i + cos t�j + t�k, 0 ≤ t ≤ π

2
λ

c θ

θ = �k ·
(∫

c

�r

r2
× d�r

)
.

θ
x2+y2 = a2

x, y ≥ 0

c
�rP

P xy θ

�r1 �r2 P

θ = �k ·
(∫

c

�r − �rP

|�r − �rP |2
× d�r

)
.

Green

�F = y�i I =

∫ B

A

�F · d�r

ÂB xy
x

x A B

�F =
x − 1 − y

(x − 1)2 + y2
�i +

x − 1 + y

(x − 1)2 + y2
�j,

a = 1 O(0, 0)

A(1, 0) �F

I =

∮
2 − y

x2 + (y − 2)2
dx +

x

x2 + (y − 2)2
dy,

c
9x2

25
+

9(y − 1)2

49
= 1

I =

∮

c

(y − 2z)dx + (x − z)dy + (2x − y)dz,

c x2 +
y2 + z2 = a2 x − y + z = 0 (a > 0)



:

∮

c

−ydx + xdy

x2 + y2

A(1, 1) B(1,−1) (3, 0)
x2 + y2 = a2

x2 + y2 + 4x + 3 = 0

�r(t) = a cos t�i + b sin t�j, 0 ≤ t ≤ 2π,

�r(t) = a cos3 t�i + b sin3 t�j, 0 ≤ t ≤ 2π.

Green
y = x y = sin x x = π

I =

∮

c

ydx − xdy c

(x − 1)2 + (y − 1)2 = 1
x2 + y2 = 2y

Green

I =

∫

c

(xy + x + y)dx + (xy + x − y)dy,

c 4x2 + y2 = 4

I =

∮

ABGA

�F ·d�r

�F (x, y, z) = (x + y − 2z)�i + (z + x)�j − (2x − y + 3z)�k AB BG
GA x2 + y2 + z2 = a2

Green

I =

∮

c

(
2xey − x2y − 1

3
y3

)
dx + (x2ey + sin y)dy, c : x2 + y2 = 1

I =

∮

c

xy6dx + 3x2y5dy c

I =

∮

c

√
x2 + y2dx+xydy c R

R ∈ [1, 2]

I =

∮

c

y3dx − x3dy c

x2 + y2 = 1 x2 + y2 = 22 y ≥ 0
AB CD A(−2, 0) B(−1, 0) C(1, 0) D(2, 0)

Green

I =

∮

c

(x − y3)dx + x3dy c = {(x, y) ∈ R2 : x2 + y2 = 2}

I =

∮

c

y2dx − xydy c

Dxy = {(x, y) ∈ R2 : 1 ≤ x ≤ 2, 1 ≤ y ≤ 1+x2}.

I =
a2

2

(∮

c

−y

x2 + y2
dx +

x2

x2 + y2
dy

)
,

c x2 + y2 = b2

c1 : x2 + y2 = a2 0 < a < b

Green I1 − I2 = 1/3

I1 =

∫

AB

(x + y)2dx − (x − y)2dy I2 =

∫

ÂB

(x + y)2dx − (x − y)2dy

AB A(0, 0)

B(1, 1) ÂB y = x2

A B

I =

∮

c

xy

1 + x2
dx +

xy

1 + y2
dy,

c

Dxy = {(x, y) ∈ R2 : 1 ≤ x ≤ 2, 0 ≤ y ≤ 1/x}.



:

I =

∮

c

(x2 − y2)dx + 2xydy

(x2 + y2)2
,

c x2 + y2 − 2x − 2y + 1 = 0
c

(2,−1) (2, 2) (−1, 2) (−1,−1)

I =

∮
y

x2 + y2
dx +

−x

x2 + y2
dy,

c
x2

25
+

y2

16
= 1

I =

∮
x2ydx − x3dy

(x2 + y2)2
,

c
(−1,−1) (1,−1) (1, 1) (−1, 1)

I =

∮
x ln(x2 + y2)dx + y ln(x2 + y2)dy,

c ABCDA
A(0,−2) B(1, 0) C(0, 1) D(−2, 0)

c �r(t) = 2 cos t�i + 2 sin t�j
t ∈ [0, 2π]

I =

∮
�r × d�r

I =

∮
�r · d�r

I =

∮ −ydx + (x − 2)dy

(x − 2)2 + y2
,

A(1, 0)
B(3, 0) c = c1 c = c2 c = c3

I ±(2k+1)π
k

{x = a cos3 t, y = a sin3 t, t ∈ [0, 2π]} x2/3+y2/3 = a2/3

a > 0

I =

∮
∂

∂y
(ln r)dx − ∂

∂x
(ln r)dy,

r =
√

x2 + y2 c

D = {(x, y) ∈ R2 : 1 ≤ x2 + y2 ≤ 52}.

I =

∮

c

y

(x − b)2 + y2
dx +

b − x

(x − b)2 + y2
dy, b �= 1, 3

c (x− 2)2 + 3(y − 1)2 = 22

b I = 0 b
I

I =

∫

c

x ln(x2 + y2)dx + y ln(x2 + y2)dy,

c
ABCDA A(0,−2) B(1, 0) C(0, 1)

D(−2, 0)
ABCD ABC



:

Green
f(x, y) = 2x

x2 + y2 − 2x− 2y + 1 = 0 y = 1− x2

Green

I =

∫

D

∫
dxdy D (x < 0, y > 0)

x2 + y2 = 1

I =

∮
�F ·d�r �F = (x+ey2

)�j c

�r = cos θ�i + sin θ�j + cos θ�k
0 ≤ θ ≤ 2π

�F = (−4y + yx2)�i − xy2�j

�F

c D

D = {(x, y) ∈ R2 : a ≤ x ≤ b, f1(x) ≤ y ≤ f2(x)}.

E

E = −
∮

c

ydx

E =

∫ b

x=a

(
f2(x) − f1(x)

)
dx ;

c

I =

∮

c

(y3−y)dx−
2x3dy

f(x, y) g(x, y) D

c

∮

c

f �∇g ·

d�r = −
∮

c

g�∇f · d�r

Green

�F = (y2 + 2xz2 − 1)�i + (2xy + 3y2)�j + (2x2z − z)�k.

U(x, y, z)

I =

∫

c

�F · d�r

c A(0, 0, 0) B(1, 1, 1)

G = m = M = 1
(x, y, z) �= (0, 0, 0)

�F =
−1

(x2 + y2 + z2)3/2
(x�i + y�j + z�k).

(x1, y1, z1) (x2, y2, z2)

R1 =
√

x2
1 + y2

1 + z2
1

R2 =
√

x2
2 + y2

2 + z2
2

I =

∫

AB

(6xy2 − y3)dx + (6x2y − 3xy2)dy,

A(1, 2) B(3, 4)

�F (x, y, z) = (2xz3 + 6y)�i+ (6x− 2yz)�j +

(3x2z2 − y2)�k

I =

∮

c

�F · d�r c

A(0, 0, 1) B(1, 1, 1)


