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a �= 0 ±1

a = ±pa11 . . . pann pi
ai a

p1, . . . , pn
a

a b µκδ(a, b) = 1

µκδ(a, b)
x, y µκδ(a, b) = ax + by

b = aq + r ⇒ µκδ(a, b) = µκδ(r, a).

b = aq + r µκδ(a, b)|r
µκδ(a, b)|r µκδ(a, b)|a µκδ

µκδ(a, b)|µκδ(r, a) µκδ(r, a)|µκδ(a, b)
µκδ

µκδ(a, b) = µκδ(r, a)



a = 50 b = 240

240 = 4 · 50 + 40

50 = 1 · 40 + 10

40 = 4 · 10 + 0

µκδ(50, 240) = µκδ(40, 50) = µκδ(10, 40) = µκδ(0, 10) = 10.

x, y 10 = 50x + 240y
50 =

1 · 40 + 10 “
”.

10 = 50− 1 · 40 =

= 50− 1 · (240 − 4 · 50) =
= 50 · 5 + 240 · (−1),

x = 5 y = −1

µκδ a
b(a �= 0) (rn)

b = aq + r, 0 ≤ r < a

a = rq1 + r1, 0 ≤ r1 < r

r = r1q2 + r2, 0 ≤ r2 < r1

r1 = r2q3 + r3, 0 ≤ r3 < r2

· · ·
rn−2 = rn−1qn + rn, 0 ≤ rn < rn−1

rn−1 = rnqn+1 + 0.

µκδ(a, b) = µκδ(r, a) = µκδ(r1, r) = µκδ(r2, r1) = · · ·

= µκδ(rn, rn−1) = µκδ(0, rn) = rn.

a a > r > r1 > · · · > rn
µκδ(a, b) ax + by

r = b− aq

r1 = a− rq1

r2 = r − r1q2

r3 = r1 − r2q3

· · ·
rn−2 = rn−4 − rn−3qn−2

rn−1 = rn−3 − rn−2qn−1

rn = rn−2 − rn−1qn.

rn−1

rn = rn−2 − (rn−3 − rn−2qn−1)qn = rn−2(1 + qn−1qn) + rn−3(−qn).

rn−2

rn = rn−2(1+qn−1qn)+rn−3(−qn) = (rn−4−rn−3qn−2)(1+qn−1qn)+rn−3(−qn).

rn = ax+ by

µκδ(a, b) x, y ∈ Z µκδ(a, b) =
ax+ by

x, y ax + by =
a(x+ b) + b(y − a) µκδ(x, y) = 1

µκδ a, b

a = pa11 · · · pann b = pb11 · · · pbnn
pi ai, bi ∈ N

p1, . . . , pn
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a a > r > r1 > · · · > rn
µκδ(a, b) ax + by
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· · ·
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rn−2

rn = rn−2(1+qn−1qn)+rn−3(−qn) = (rn−4−rn−3qn−2)(1+qn−1qn)+rn−3(−qn).

rn = ax+ by

µκδ(a, b) x, y ∈ Z µκδ(a, b) =
ax+ by

x, y ax + by =
a(x+ b) + b(y − a) µκδ(x, y) = 1

µκδ a, b

a = pa11 · · · pann b = pb11 · · · pbnn
pi ai, bi ∈ N

p1, . . . , pn



a|b ⇔ ai ≤ bi i.

‘⇐’ a|b
a1 > b1 pa1−b1

1 pa22 . . . pann
pb22 . . . pbnn p1|pi

i �= 1
µκδ

µκδ(a, b) = pd11 . . . pdnn , i di = min{ai, bi}.

a = 25 · 34 · 50 b = 2 · 36 · 52 µκδ(a, b) = 2 · 34 · 50

µκδ(ca, cb) = c · µκδ(a, b).

µκδ

RSA

a, b
(ǫκπ) a, b

e

• a|e b|e

• c ∈ Z a|c b|c e|c

ǫκπ a, b
a, b a = ±pa11 . . . pann

b = ±pb11 . . . pbnn i ei = max{ai, bi}
e = pe11 . . . penn a = 25 · 34 · 50 b = 2 · 36 · 52

e = 25 · 36 · 52 e
ǫκπ a, b

ǫκπ(a, b)
ǫκπ

a b ǫκπ(a, b)

min{ai, bi}+max{ai, bi} = ai + bi

µκδ(a, b)ǫκπ(a, b) = |ab|.

a, b, c ∈ Z a|bc µκδ(a, b) = 1 a|c

µκδ(a, b) = 1 x, y ∈ Z 1 = ax+ by
c = cax + cby a|cax

a|cby a cax+cby = c

a,m, n ∈ Z m|a n|a µκδ(m,n) = 1 mn|a
m|a n|a e|a e = ǫκπ(m,n)
ǫκπ(m,n) = |mn| µκδ(m,n) = 1

a, b ∈ Z µκδ(a, b) = d µκδ(a/d, b/d) = 1
c a/d b/d cd a

b cd µκδ(a, b) = d c = ±1

a, b
a, b

ab = c2 a = pa11 . . . parr b = pb11 . . . pbrr c = pc11 . . . pcrr
µκδ(a, b) = 1

i ai, bi
(pa11 . . . parr )(pb11 . . . pbrr ) = p2c11 . . . p2crr

Z ai + bi = 2ci i ai
bi) 2ci a b

µκδ(n6 − 1, n10 − 1)

n10 − 1 = n4(n6 − 1) + n4 − 1,

n6 − 1 = n2(n4 − 1) + n2 − 1,

n4 − 1 = (n2 + 1)(n2 − 1),

µκδ(n10−1, n6−1) = µκδ(n6−1, n4−1) = µκδ(n4−1, n2−1) = n2−1.

µκδ(na − 1, nb − 1) = nd − 1 d = µκδ(a, b)
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µκδ(n6 − 1, n10 − 1)

n10 − 1 = n4(n6 − 1) + n4 − 1,

n6 − 1 = n2(n4 − 1) + n2 − 1,

n4 − 1 = (n2 + 1)(n2 − 1),

µκδ(n10−1, n6−1) = µκδ(n6−1, n4−1) = µκδ(n4−1, n2−1) = n2−1.
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µκδ(m,n) = 1 µκδ(m +
n,m− n)

d = µκδ(m + n,m −
n) d|m + n d|m − n d|(m + n) + (m − n)
d|(m + n) − (m− n) d|2m d|2n d|µκδ(2m, 2n)
µκδ(2m, 2n) = 2µκδ(m,n) d|2 d = 1

d m = 2 n = 1
d = 1 m = 3 n = 1 d = 2
d

a, b, n an|bn a|b
a = pa11 . . . parr b = pb11 . . . pbrr pi

ai, bi ∈ N

an = pna11 . . . pnarr , bn = pnb11 . . . pnbrr .

an|bn ⇔ nai ≤ nbi i ⇔ ai ≤ bi i ⇔ a|b.

m n mn = nm

(m,n)
(m,m) m

m ≥ n ≥ 2 nn|nm nn|mn

n|m m = an
n an = na

a an < na a ≥ 3 n ≥ 2
a = 1 a = 1 m = n

a = 2 2n = n2 n = 2

b b > 1 n

n = akb
k + ak−1b

k−1 + · · ·+ a1b+ a0,

k, aj ∈ N 0 ≤ aj ≤ b− 1 j = 0, 1, . . . , k ak �= 0

n = bq0 + a0, 0 ≤ a0 ≤ b− 1

q0 = bq1 + a1, 0 ≤ a1 ≤ b− 1

qk−2 = bqk−1 + ak−1, 0 ≤ ak−1 ≤ b− 1

qk−1 = b0 + ak, 0 < ak ≤ b− 1.

q0 > q1 > ... qk
n = bq0 + a0 q0

q1
n = akb

k+ak−1b
k−1+ · · ·+a1b+a0

0 ≤ aj ≤ b − 1 j = 0, 1, . . . , k ak �= 0

n = 1 n > 1
n

n = clb
l + cl−1b

l−1 + · · ·+ c1b+ c0,

l, cj ∈ N 0 ≤ cj ≤ b − 1 j = 0, 1, . . . , l cl �= 0
a0 = c0 n

b
(n− a0)/b

n b b = 10
n b = 2

n
ai

n b

p p|an pn|an

p p|a p|a2 + b2 p|b

µκδ(36, 210) x, y
µκδ(36, 210) = 36x+ 210y

a > 1 µκδ(a, a + 3) = a

µκδ(m,n) = µκδ(m + kn, n) k ∈ N

6|a µκδ(a, a+ 2) �= 1 µκδ(a, a+3) �= 1

µκδ(m+ n,mn) = 1 µκδ(m,n) = 1

n ∈ N µκδ(3n + 1, 10n + 3) = 1
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n
ai
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p p|a p|a2 + b2 p|b

µκδ(36, 210) x, y
µκδ(36, 210) = 36x+ 210y

a > 1 µκδ(a, a + 3) = a

µκδ(m,n) = µκδ(m + kn, n) k ∈ N

6|a µκδ(a, a+ 2) �= 1 µκδ(a, a+3) �= 1

µκδ(m+ n,mn) = 1 µκδ(m,n) = 1
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d = µκδ(m,n) d = mx+ ny µκδ(x, y) = 1

a,m ∈ Z m > 0 a �= 1

µκδ

(
am − 1

a− 1
, a− 1

)
= µκδ(a− 1,m)

am − 1

a− 1
= (am−1 − 1) + (am−2 − 1) + · · · + (a− 1) +m

a1, . . . , an ∈ Z µκδ(a1, . . . , an)
d d|ai i c ∈ Z

c|ai i c|d

i) µκδ(a1, . . . , an)
xi ∈ Z µκδ(a1, . . . , an) = a1x1 + · · ·+ anxn

ii) ai �= 0 i n ≥ 3 µκδ(a1, . . . , an) =
µκδ(a1, . . . , an−2, µκδ(an−1, an)) = µκδ(a1, µκδ(a2, . . . , an))

iii) µκδ(135, 170, 205, 310)

iv)

a1, . . . , an ∈ Z ǫκπ(a1, . . . , an)
e ai|e i

c ∈ Z ai|c i e|c

i) ǫκπ(a1, . . . , an)
a1, . . . , an

ii) ai n ≥ 3 ǫκπ(a1, . . . , an) =
ǫκπ(a1, . . . , an−2, ǫκπ(an−1, an)) = ǫκπ(a1, ǫκπ(a2, . . . , an))

iii) ǫκπ(a1, a2, a3) =
a1a2a3µκδ(a1, a2, a3)

µκδ(a1, a2)µκδ(a2, a3)µκδ(a1, a3)
a, b, c max{a, b, c}

a+ b+ c−min{a, b} −min{b, c} −min{a, c} +min{a, b, c}.

m, n ǫκπ(m,n) = 100

a√
a

;

i) {24a + 36b > 0|a, b ∈ Z}
ii) {24a + 36b+ 8c > 0|a, b, c ∈ Z}
iii) {a > 0|a }

17) µκδ(na − 1, nb − 1) = nd − 1 d = µκδ(a, b) a, b, n
n > 1

a, b ∈ Z a > 1 q, r ∈ Z
b = qa+ r −a/2 ≤ r < a/2

i)
4n+ 1 4n+ 3 n ∈ N

ii) 4n + 3
4n+ 3

iii) 4n + 3
n ∈ N

4a1 . . . am+3
{3, a1, . . . , am} 4n+3

Dirichlet,
an+ b n ∈ N µκδ(a, b) = 1

a, n n > 1 an−1
a = 2 n

n ∈ N 52n+1 +62n+1

p p+ 5

(p, p + 2, p + 4)
p, p+ 2, p + 4

(p, p+ 2) p, p + 2

N
“ ”,

2Z q 2Z
“ ”, a, b ∈ 2Z q = ab
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p, p+ 2, p + 4
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2, 6, 10, 30 2Z
2Z

60 = 2 · 30 = 6 · 10
2Z

µκδ(m,n) = 1 µκδ(m2+n2,m+n);

26)
a, b ∈ Z n ∈ N

• a|bn ⇒ a|b
• an|bn ⇒ a|b
• an|b ⇒ a|b
• a3|b2 ⇒ a|b

a,m, n m < n

i) a2
m
+ 1|a2n − 1

ii) µκδ(a2
m
+ 1, a2

n
+ 1) = 1 2

iii) ii)

i) x2 − y2 = 2 x, y ∈ Z

ii)
1

x
+

1

y
=

1

7
x, y ∈ Z

n ∈ N p n < p ≤ n! + 1

n ∈ N n ≥ 2 p
n! + 2 ≤ p ≤ n! + n

Fibonacci µκδ(fn, fn+1) = 1
n ∈ N

Fibonacci fn
n

m,n
µκδ(m,n) = µκδ(m+ n, ǫκπ(m,n))

n > 1 1 + 1/2 + 1/3 +
· · · + 1/n

1+1/2+1/3+· · ·+1/n = q ∈ N 2α

n r

n 2α−1r
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‘
’

7001 = 7 · 1000+1

7m+ 1

m a b
modulo m modulo m ) m

a− b a ≡ b mod m

a ≡ b mod m ⇔ m|a− b.

7001 ≡ 1 mod 7 7001 − 1 =
7000 14 ≡ −2 mod 8 14− (−2) = 16

m|a − b −m|a − b
m

m = 0 a ≡ b mod m 0|a − b
a = b modulo 0

m a, b

a ≡ b mod m a b
m

r a ≡ r mod m 0 ≤ r < m

a = mq1 + r1, 0 ≤ r1 < m

b = mq2 + r2, 0 ≤ r2 < m,

Gauss Disquitiones Arithmeticae (1801).
a ≡ b mod m

Disquitiones Arithmeti-

cae, ‘ ’

q1, q2, r1, r2 ∈ Z

a− b = m(q1 − q2) + r1 − r2

|r1 − r2| < m.

m|m(q1 − q2) m|a − b
m|r1 − r2 |r1 − r2| < m m|r1 − r2
r1 − r2 = 0 m|a− b r1 − r2 = 0

r
a m a ≡ r mod m

0 ≤ r < m a ≡ s mod m 0 ≤ s < m
m r = s ⊺

a ≡ a mod m a ∈ Z m|a− a a ∈ Z

a ≡ b mod m b ≡ a mod m m|a − b
m| − (a− b) m|b− a

a ≡ b mod m b ≡ c mod m a ≡ c mod m
m|a− b m|b− c m|(a− b)+ (b− c) m|a− c

‘ ’
Z

a ≡ b mod m c ≡ d mod m

a+ c ≡ b+ d mod m ac ≡ bd mod m

m|a− b m|c− d m|(a−
b) + (c− d) m|(a+ c)− (b+ d) a+ c ≡ b+ d mod m

ac − bd = ac − bc + bc − bd = (a −
b)c + b(c − d) m m|a − b m|c − d
ac ≡ bd mod m ⊺

a ≡ b mod m

a+ c ≡ b+ c mod m, ac ≡ bc mod m an ≡ bn mod m

n



‘
’

7001 = 7 · 1000+1

7m+ 1

m a b
modulo m modulo m ) m

a− b a ≡ b mod m

a ≡ b mod m ⇔ m|a− b.

7001 ≡ 1 mod 7 7001 − 1 =
7000 14 ≡ −2 mod 8 14− (−2) = 16

m|a − b −m|a − b
m

m = 0 a ≡ b mod m 0|a − b
a = b modulo 0

m a, b

a ≡ b mod m a b
m

r a ≡ r mod m 0 ≤ r < m

a = mq1 + r1, 0 ≤ r1 < m

b = mq2 + r2, 0 ≤ r2 < m,

Gauss Disquitiones Arithmeticae (1801).
a ≡ b mod m

Disquitiones Arithmeti-

cae, ‘ ’

q1, q2, r1, r2 ∈ Z

a− b = m(q1 − q2) + r1 − r2

|r1 − r2| < m.

m|m(q1 − q2) m|a − b
m|r1 − r2 |r1 − r2| < m m|r1 − r2
r1 − r2 = 0 m|a− b r1 − r2 = 0

r
a m a ≡ r mod m

0 ≤ r < m a ≡ s mod m 0 ≤ s < m
m r = s ⊺

a ≡ a mod m a ∈ Z m|a− a a ∈ Z

a ≡ b mod m b ≡ a mod m m|a − b
m| − (a− b) m|b− a

a ≡ b mod m b ≡ c mod m a ≡ c mod m
m|a− b m|b− c m|(a− b)+ (b− c) m|a− c

‘ ’
Z

a ≡ b mod m c ≡ d mod m

a+ c ≡ b+ d mod m ac ≡ bd mod m

m|a− b m|c− d m|(a−
b) + (c− d) m|(a+ c)− (b+ d) a+ c ≡ b+ d mod m

ac − bd = ac − bc + bc − bd = (a −
b)c + b(c − d) m m|a − b m|c − d
ac ≡ bd mod m ⊺

a ≡ b mod m

a+ c ≡ b+ c mod m, ac ≡ bc mod m an ≡ bn mod m

n



modulo m

‘ ’

ac ≡ bc mod m a = b mod m
7 · 2 ≡ 4 · 2 mod 6 7 ≡ 4 mod 6

µκδ(c,m) = 1 ac ≡ bc mod m a ≡ b
mod m

ac ≡ bc mod (cm) c

a ≡ b mod m.

ac ≡ bc mod m c,m

a ≡ b mod
m

d
,

d = µκδ(c,m)

ac− bc = ecm c �= 0 a− b = em

m|c(a−b)
m

d

∣∣∣∣
c

d
(a−b) µκδ

(m
d
,
c

d

)
= 1

m

d

∣∣∣∣a− b ⊺

a ≡ b mod m ac ≡ bc mod (cm) a ≡ b

mod
m

d
d = µκδ(c,m) ac ≡ bc mod m

4n + 3 (n ∈ N)

a ∈ N 4n+3 x, y ∈ Z a = x2+y2

4n + r r = 0, 1, 2, 3 4n + r ≡ r mod 4 x ≡ 0
3 mod 4 x2 ≡ 0 9 mod 4 4 ≡ 0

mod 4 9 ≡ 1 mod 4 x2 ≡ 0 1 mod 4 y2 ≡ 0

1 mod 4 x2 + y2 ≡ 0 2 mod 4 a ≡ 0
2 mod 4 a ≡ 3

mod 4

n ∈ N 33n − 5n

33 = 27 ≡ 5 mod 11 33n = (33)n = 27n ≡ 5n mod 11
33n − 5n ≡ 0 mod 11

x, y x2 − 5y2 = 13
x2 − 5y2 ≡ 13 mod 5.

5y2 ≡ 0 mod 5 13 ≡ 3 mod 5 x2 ≡ 3 mod 5
x x ≡ 0, 1, 2, 3 4 mod 5

x2 ≡ 0, 1, 4, 9 16 mod 5 x2 ≡ 0, 1 4
mod 5.

p p+ 10 p+ 14
p = 3

p
p p > 3 p ≡ 1 2 mod 3 p ≡ 1 mod 3

p+14 ≡ 15 mod 3 p+14 ≡ 0 mod 3 p+14
p ≡ 2

mod 3 p + 10 ≡ 12 mod 3 p + 10 ≡ 0 mod 3
p+ 10

n ∈ N 1n +2n + · · ·+ (n− 1)n

n

1n+2n+· · ·+(n−1)n =

k=n−1
2∑

k=1

kn+

k=n−1
2∑

k=1

(n−k)n =

k=n−1
2∑

k=1

(kn+(n−k)n).

n−k ≡ −k mod n (n−k)n ≡ (−k)n ≡ (−1)nkn ≡ −kn

mod n n kn + (n− k)n ≡ 0 mod n
1n + 2n + · · ·+ (n− 1)n ≡ 0 mod n

x, y, z
x2 + y2 = z2



modulo m

‘ ’

ac ≡ bc mod m a = b mod m
7 · 2 ≡ 4 · 2 mod 6 7 ≡ 4 mod 6

µκδ(c,m) = 1 ac ≡ bc mod m a ≡ b
mod m

ac ≡ bc mod (cm) c

a ≡ b mod m.

ac ≡ bc mod m c,m

a ≡ b mod
m

d
,

d = µκδ(c,m)

ac− bc = ecm c �= 0 a− b = em

m|c(a−b)
m

d

∣∣∣∣
c

d
(a−b) µκδ

(m
d
,
c

d

)
= 1

m

d

∣∣∣∣a− b ⊺

a ≡ b mod m ac ≡ bc mod (cm) a ≡ b

mod
m

d
d = µκδ(c,m) ac ≡ bc mod m

4n + 3 (n ∈ N)

a ∈ N 4n+3 x, y ∈ Z a = x2+y2

4n + r r = 0, 1, 2, 3 4n + r ≡ r mod 4 x ≡ 0
3 mod 4 x2 ≡ 0 9 mod 4 4 ≡ 0

mod 4 9 ≡ 1 mod 4 x2 ≡ 0 1 mod 4 y2 ≡ 0

1 mod 4 x2 + y2 ≡ 0 2 mod 4 a ≡ 0
2 mod 4 a ≡ 3

mod 4

n ∈ N 33n − 5n

33 = 27 ≡ 5 mod 11 33n = (33)n = 27n ≡ 5n mod 11
33n − 5n ≡ 0 mod 11

x, y x2 − 5y2 = 13
x2 − 5y2 ≡ 13 mod 5.

5y2 ≡ 0 mod 5 13 ≡ 3 mod 5 x2 ≡ 3 mod 5
x x ≡ 0, 1, 2, 3 4 mod 5

x2 ≡ 0, 1, 4, 9 16 mod 5 x2 ≡ 0, 1 4
mod 5.

p p+ 10 p+ 14
p = 3

p
p p > 3 p ≡ 1 2 mod 3 p ≡ 1 mod 3

p+14 ≡ 15 mod 3 p+14 ≡ 0 mod 3 p+14
p ≡ 2

mod 3 p + 10 ≡ 12 mod 3 p + 10 ≡ 0 mod 3
p+ 10

n ∈ N 1n +2n + · · ·+ (n− 1)n

n

1n+2n+· · ·+(n−1)n =

k=n−1
2∑

k=1

kn+

k=n−1
2∑

k=1

(n−k)n =

k=n−1
2∑

k=1

(kn+(n−k)n).

n−k ≡ −k mod n (n−k)n ≡ (−k)n ≡ (−1)nkn ≡ −kn

mod n n kn + (n− k)n ≡ 0 mod n
1n + 2n + · · ·+ (n− 1)n ≡ 0 mod n

x, y, z
x2 + y2 = z2



(x, y, z) x2 + y2 = z2

(±x,±y,±z)
x, y, z d = µκδ(x, y, z)

(x/d)2 + (y/d)2 = (z/d)2 µκδ(x/d, y/d, z/d) = 1
(dx0, dy0, dz0)

d (x0, y0, z0)
µκδ(x0, y0, z0) = 1 µκδ(x, y, z) =
1 x, y, z

x, y, z

z z
x, y

z2 ≡ 0 mod 4 z2 = x2 + y2 ≡ 1 + 1 ≡ 2 mod 4

x y z

y2 = z2 − x2 = (z − x)(z + x).

µκδ(z−x, z+x) = 2 d = µκδ(z−x, z+x)
d|(z − x) + (z + x) = 2z d|(z − x) − (z + x) = −2x

d|µκδ(2z, 2x) = 2µκδ(z, x) = 2 z − x, z + x
d = 2

a = (z+x)/2 b = y/2 c = (z−x)/2
b2 = ac µκδ(z −x, z+ x) = 2 µκδ(c, a) = 1

a, c
a = u2 c = v2 z + x = 2u2 z − x = 2v2 y2 = (2u2)(2v2)

x = u2 − v2, y = 2uv, z = u2 + v2.

u ≥ v µκδ(u, v) = 1 µκδ(x, y, z) = 1

x2+y2 = z2 x, y, z ∈ N
µκδ(x, y, z) = 1

x = d(u2 − v2)+, y = 2duv, z = d(u2 + v2),

d, u, v ∈ N u ≥ v µκδ(u, v) = 1
x, y, z

(d(u2 − v2), 2duv, d(u2 + v2))
µκδ(u, v) = 1 ‘ ’.

Fermat n = 4
x, y, z

x4 + y4 = z4

x4 + y4 = z2 (∗)

(a, b, c)
x4 + y4 = z4 (a, b, c2) x4 + y4 = z2

(x, y, z) x, y, z > 0
z µκδ(x, y, z) = 1 p

x, y, z p4 x4 + y4

p2 z (x/p, y/p, z/p2)
z/p2 < z

(x2)2 + (y2)2 = z2

x2 = u2 − ν2, y2 = 2uν, z = u2 + ν2

u, ν µκδ(u, ν) = 1 y2 = 2uν
4|y2 u, ν

u ν x2 = u2 − ν2 ≡ −1
mod 4 u

ν ν = 2ν ′ y2 = 4uν ′ µκδ(u, ν ′) = 1 u, ν ′

u = a2 ν ′ = b2

x2 + ν2 = u2

ν x, u µκδ(x, ν, u) =
1 c, d µκδ(c, d) = 1

x = c2 − d2, ν = 2cd, u = c2 + d2.

b2 = ν ′ = cd c, d
c = e2 d = f2

e4 + f4 = a2,

‘ Fermat’ xn + yn = zn

n ≥ 3 Fermat
Fermat

Fermat

Fermat A. Wiles (1995).
Wiles Cole Prize,



(x, y, z) x2 + y2 = z2

(±x,±y,±z)
x, y, z d = µκδ(x, y, z)

(x/d)2 + (y/d)2 = (z/d)2 µκδ(x/d, y/d, z/d) = 1
(dx0, dy0, dz0)

d (x0, y0, z0)
µκδ(x0, y0, z0) = 1 µκδ(x, y, z) =
1 x, y, z

x, y, z

z z
x, y

z2 ≡ 0 mod 4 z2 = x2 + y2 ≡ 1 + 1 ≡ 2 mod 4

x y z

y2 = z2 − x2 = (z − x)(z + x).

µκδ(z−x, z+x) = 2 d = µκδ(z−x, z+x)
d|(z − x) + (z + x) = 2z d|(z − x) − (z + x) = −2x

d|µκδ(2z, 2x) = 2µκδ(z, x) = 2 z − x, z + x
d = 2

a = (z+x)/2 b = y/2 c = (z−x)/2
b2 = ac µκδ(z −x, z+ x) = 2 µκδ(c, a) = 1

a, c
a = u2 c = v2 z + x = 2u2 z − x = 2v2 y2 = (2u2)(2v2)

x = u2 − v2, y = 2uv, z = u2 + v2.

u ≥ v µκδ(u, v) = 1 µκδ(x, y, z) = 1

x2+y2 = z2 x, y, z ∈ N
µκδ(x, y, z) = 1

x = d(u2 − v2)+, y = 2duv, z = d(u2 + v2),

d, u, v ∈ N u ≥ v µκδ(u, v) = 1
x, y, z

(d(u2 − v2), 2duv, d(u2 + v2))
µκδ(u, v) = 1 ‘ ’.

Fermat n = 4
x, y, z

x4 + y4 = z4

x4 + y4 = z2 (∗)

(a, b, c)
x4 + y4 = z4 (a, b, c2) x4 + y4 = z2

(x, y, z) x, y, z > 0
z µκδ(x, y, z) = 1 p

x, y, z p4 x4 + y4

p2 z (x/p, y/p, z/p2)
z/p2 < z

(x2)2 + (y2)2 = z2

x2 = u2 − ν2, y2 = 2uν, z = u2 + ν2

u, ν µκδ(u, ν) = 1 y2 = 2uν
4|y2 u, ν

u ν x2 = u2 − ν2 ≡ −1
mod 4 u

ν ν = 2ν ′ y2 = 4uν ′ µκδ(u, ν ′) = 1 u, ν ′

u = a2 ν ′ = b2

x2 + ν2 = u2

ν x, u µκδ(x, ν, u) =
1 c, d µκδ(c, d) = 1

x = c2 − d2, ν = 2cd, u = c2 + d2.

b2 = ν ′ = cd c, d
c = e2 d = f2

e4 + f4 = a2,

‘ Fermat’ xn + yn = zn

n ≥ 3 Fermat
Fermat

Fermat

Fermat A. Wiles (1995).
Wiles Cole Prize,



(e, f, a) z =
u2 + ν2 = a4 + 4b4 > a4 ≥ a z > a

z

‘ ’ ‘ ’
Fermat ‘ ’.

ISBN

ISBN (International Standard Book Number).

ISBN a1a2 . . . a10 a1, . . . , a9 ∈ {0, . . . , 9}
a10 ∈ {0, . . . , 10}

a1 + 2a2 + · · ·+ 9a9 ≡ a10 mod 11.

a1 . . . a9

28a1 + 27a2 + · · · + 2a8 ≡ a9 mod 11,

10 mod 11
a9 = 0

a ≡ b mod m n|m a ≡ b mod n

i) 2004 ≡ 1003 mod 11

ii) (7− a)2 ≡ a2 mod 7 a ∈ Z

iii) (1− 2n)2 ≡ (4n + 1)10 mod 4n n ∈ Z

iv) (6n + 5)2 ≡ 1 mod 4 n ∈ Z

i) a ≡ b mod 2 ⇒ a2 ≡ b2 mod 4

ii) a ≡ b mod 3 ⇒ a3 ≡ b3 mod 9

a ≡ b mod m a2 + b2 ≡ 2ab mod m2

a a2 ≡ 1 mod 8

a ∈ Z a2 ≡ 0, 1 4 mod 8

3m+3n+1 m,n

mod 8

4n + 2 n ∈ Z

n ∈ N 4n ≡ 1 + 3n mod 9

0 ≤ x ≤ 101 x2 ≡ 1
mod 101

p x x2 ≡ x
mod p x ≡ 0 1 mod p

100100 ;

13)
“ ”.

modulo 7

µκδ(a,m) = µκδ(b,m) a ≡ b mod m

∑
i
ai

ak · · · a1a0∑
i
(−1)iai

ak · · · a1a0
a0



(e, f, a) z =
u2 + ν2 = a4 + 4b4 > a4 ≥ a z > a

z

‘ ’ ‘ ’
Fermat ‘ ’.

ISBN

ISBN (International Standard Book Number).

ISBN a1a2 . . . a10 a1, . . . , a9 ∈ {0, . . . , 9}
a10 ∈ {0, . . . , 10}

a1 + 2a2 + · · ·+ 9a9 ≡ a10 mod 11.

a1 . . . a9

28a1 + 27a2 + · · · + 2a8 ≡ a9 mod 11,

10 mod 11
a9 = 0

a ≡ b mod m n|m a ≡ b mod n

i) 2004 ≡ 1003 mod 11

ii) (7− a)2 ≡ a2 mod 7 a ∈ Z

iii) (1− 2n)2 ≡ (4n + 1)10 mod 4n n ∈ Z

iv) (6n + 5)2 ≡ 1 mod 4 n ∈ Z

i) a ≡ b mod 2 ⇒ a2 ≡ b2 mod 4

ii) a ≡ b mod 3 ⇒ a3 ≡ b3 mod 9

a ≡ b mod m a2 + b2 ≡ 2ab mod m2

a a2 ≡ 1 mod 8

a ∈ Z a2 ≡ 0, 1 4 mod 8

3m+3n+1 m,n

mod 8

4n + 2 n ∈ Z

n ∈ N 4n ≡ 1 + 3n mod 9

0 ≤ x ≤ 101 x2 ≡ 1
mod 101

p x x2 ≡ x
mod p x ≡ 0 1 mod p

100100 ;

13)
“ ”.

modulo 7

µκδ(a,m) = µκδ(b,m) a ≡ b mod m

∑
i
ai

ak · · · a1a0∑
i
(−1)iai

ak · · · a1a0
a0



i) a ≡ b mod m a ≡ b mod n a ≡ b mod e
e = ǫκπ(m,n)

ii) x x ≡ 7 mod 8
x ≡ 7 mod 9

(p, p + 4, p + 8) p, p + 4, p + 8

x, y 7x2 − 15y2 = 1

x, y, z x2+y2 = 3z2

(x, y, z) ∈ Z× Z× Z
x x2+y2 = 3z2

x, y, z
(x0, y0, z0) 0 < x0 < x

x2+ y2+ z2 x, y, z ∈ Z
x, y, z

m ∈ N
7k 7k + 1

n ∈ N 11|33n+1 + 24n+3

n ∈ N 21|4n+2 + 52n+1

n ∈ N

i) 10n + 3 · 4n+2 ≡ 4 mod 9

ii) (n+ 1)2n + 4n2n+1

m,n ∈ N n in + (m − i)n

m i = 0, . . . ,m

m,n 1m +2m + · · ·+ (n− 1)m ≡ 0
mod n

n

modulo n −n− 1

2
,−n− 3

2
, . . . ,

−1, 0, 1, . . . ,
n− 3

2
,
n− 1

2

modulo m

modulo m

modulo m

Zm

Zm modulo
m. Zm

A
A×A = {(a, b)|a, b ∈ A}

X A (a, b) ∈ X
a ∼

X
b a ∼ b

X (a, b) ∈ X
a ∼ b

A A

a ∼ a a ∈ A

a ∼ b b ∼ a

a ∼ b b ∼ c a ∼ c

A
a ∼ b a = b

A

A
P ∼ Q P Q

A



i) a ≡ b mod m a ≡ b mod n a ≡ b mod e
e = ǫκπ(m,n)

ii) x x ≡ 7 mod 8
x ≡ 7 mod 9

(p, p + 4, p + 8) p, p + 4, p + 8

x, y 7x2 − 15y2 = 1

x, y, z x2+y2 = 3z2

(x, y, z) ∈ Z× Z× Z
x x2+y2 = 3z2

x, y, z
(x0, y0, z0) 0 < x0 < x

x2+ y2+ z2 x, y, z ∈ Z
x, y, z

m ∈ N
7k 7k + 1

n ∈ N 11|33n+1 + 24n+3

n ∈ N 21|4n+2 + 52n+1

n ∈ N

i) 10n + 3 · 4n+2 ≡ 4 mod 9

ii) (n+ 1)2n + 4n2n+1

m,n ∈ N n in + (m − i)n

m i = 0, . . . ,m

m,n 1m +2m + · · ·+ (n− 1)m ≡ 0
mod n

n

modulo n −n− 1

2
,−n− 3

2
, . . . ,

−1, 0, 1, . . . ,
n− 3

2
,
n− 1

2

modulo m

modulo m

modulo m

Zm

Zm modulo
m. Zm

A
A×A = {(a, b)|a, b ∈ A}

X A (a, b) ∈ X
a ∼

X
b a ∼ b

X (a, b) ∈ X
a ∼ b

A A

a ∼ a a ∈ A

a ∼ b b ∼ a

a ∼ b b ∼ c a ∼ c

A
a ∼ b a = b

A

A
P ∼ Q P Q

A



A = R R a ∼ b
a − b ∈ Z
R

X A a, b ∈ A a ∼ b
a b a b

[a] = {x ∈ A|x ∼ a},

A a
a a ∈ [a] a ∼ a

a ∈ A [a] = {a}

P [P ]
P

a ∈ R [a] = {a +m ∈ R|m ∈ Z} [k] = Z
k ∈ Z

X A a, b ∈ A

[a] = [b] a, b

[a] ∩ [b] = ∅ a, b

A

[a] = [b] a ∈ [a] = [b] a ∼ b
a ∼ b x ∈ A x ∈ [a]

x ∼ a a ∼ b x ∼ b
x ∈ [b] [a] ⊆ [b] [b] ⊆ [a]
[a] = [b]

a b x ∈ [a]∩ [b]
x ∈ [a] a ∼ x x ∼ β
a ∼ b a, b [a] = [b]

modulo m

[a] ∩ [b] = [a] = [b] �= ∅
A =

⋃
a∈A

[a]

{[b]|b ∈ B}
B ⊆ A A =

⋃
b∈B

[b]

[b] ∩ [b′] = ∅ b, b′ ∈ B b �= b′ ⊺

X A a ∈ A
[a] [a]

b ∈ A
[a] [a] = [b] a ∼ b

{[b]|b ∈ B} B ⊆ A
B

X

Zm

m
Z

a ∼ b ⇔ a ≡ b mod m

a ∈ Z

[a] = {x ∈ Z|x ≡ a mod m}
= {x ∈ Z|m x− a}
= {x ∈ Z|x− a = km, k ∈ Z}
= {a+ km ∈ Z|k ∈ Z}.

[a] a + km k ∈ Z
[a] = a + mZ

[a] m
[a]m a mod m

[a] = [b] ⇔ a ≡ b mod m.

Zm

Zm = {[a] | a ∈ Z}.
m = 2 [0] = {x ∈

Z|x } [1] = {x ∈ Z|x } . . . ,−4,−2, 0, 2, 4,



A = R R a ∼ b
a − b ∈ Z
R

X A a, b ∈ A a ∼ b
a b a b

[a] = {x ∈ A|x ∼ a},

A a
a a ∈ [a] a ∼ a

a ∈ A [a] = {a}
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P
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x ∼ a a ∼ b x ∼ b
x ∈ [b] [a] ⊆ [b] [b] ⊆ [a]
[a] = [b]

a b x ∈ [a]∩ [b]
x ∈ [a] a ∼ x x ∼ β
a ∼ b a, b [a] = [b]

modulo m

[a] ∩ [b] = [a] = [b] �= ∅
A =

⋃
a∈A

[a]

{[b]|b ∈ B}
B ⊆ A A =

⋃
b∈B

[b]

[b] ∩ [b′] = ∅ b, b′ ∈ B b �= b′ ⊺

X A a ∈ A
[a] [a]

b ∈ A
[a] [a] = [b] a ∼ b
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B

X

Zm

m
Z

a ∼ b ⇔ a ≡ b mod m

a ∈ Z

[a] = {x ∈ Z|x ≡ a mod m}
= {x ∈ Z|m x− a}
= {x ∈ Z|x− a = km, k ∈ Z}
= {a+ km ∈ Z|k ∈ Z}.

[a] a + km k ∈ Z
[a] = a + mZ

[a] m
[a]m a mod m

[a] = [b] ⇔ a ≡ b mod m.

Zm

Zm = {[a] | a ∈ Z}.
m = 2 [0] = {x ∈

Z|x } [1] = {x ∈ Z|x } . . . ,−4,−2, 0, 2, 4,



. . . mod 2 . . . = [−4] = [−2] = [0] =
[2] = [4] = . . . . . . ,−3,−1, 1, 3, . . .
mod 2 . . . = [−3] = [−1] = [1] = [3] = . . . Z2 = {[0], [1]}

Z2 = {[−4], [−3]} = {[−4], [1]} = . . .

Z2 = {[a0], [a1]}, ai ≡ i mod 2.

m = 3 [0] = {x ∈ Z|x = 3k, k ∈ Z}
[1] = {x ∈ Z|x = 3k + 1, k ∈ Z} [2] = {x ∈ Z|x = 3k + 2, k ∈ Z}
[0] = {. . . ,−3, 0, 3, ...} [1] = {. . . ,−2, 1, 4, . . .} [2] = {. . . ,−1, 2, 5, . . .}

. . . = [−3] = [0] = [3] = . . . . . . =
[−2] = [1] = [4] = . . . . . . = [−1] = [2] = [5] = . . . Z3 = {[0], [1], [2]}

Z3 = {[−3], [−2], [−1]} = {[−3], [1], [2]} = . . .

Z3 = {[a0], [a1], [a2]} ai ≡ i mod 3.

m Zm = {[0], [1], . . . , [m −
1]} Zm = {[a0], [a1], . . . , [am−1]} ai

ai ≡ i mod m i

[ai] i = 0, . . . ,m −
1 [ai] = [aj] 0 ≤ i, j ≤ m − 1

i ≡ j mod m
i = j [a] {[a0], [a1], . . . , [am−1]}

α = qm+r 0 ≤ r ≤ m−1
a ≡ r mod m [a] = [r] = [ar] Zm ⊆

{[a0], [a1], . . . , [am−1]} Zm = {[a0], [a1], . . . , [am−1]} ⊺

Zm modulo m

modulo m,
modulo m.

Zm

m
. . . ,−m, 0,m, 2m, . . .

. . . ,−m+1, 1,m+1, 2m+1, . . .

modulo m

m m =
0 a ∼ b a = b

a [a] = {a}
{a} a

modulo 0 Z

m = 1 a ∼ b a, b
a Z

modulo 1

Zm

Zm

Z Z

Zm

(a, b) a+ b ab

+ : Z× Z → Z, (a, b) �→ a+ b

· : Z× Z → Z, (a, b) �→ ab.

+ : Zm × Zm → Zm, ([a], [b]) �→ [a+ b]

· : Zm × Zm → Zm, ([a], [b]) �→ [ab].

([a], [b]) = ([c], [d]) [a] = [c] [b] = [d]
[a+ b] = [c+ d] [ab] = [cd] a ≡ c mod m b ≡ d

mod m a + b ≡ c + d mod m ab ≡ cd mod m

Z3 [4] + [2] = [6] = [0] [2][2] = [4] = [1]
Z10 [4] + [7] = [11] = [1] [4][7] = [28] = [8] [5][6] = [30] = [0]

Zm

[a], [b], [c] ∈ Zm

([a] + [b]) + [c] = [a] + ([b] + [c])



. . . mod 2 . . . = [−4] = [−2] = [0] =
[2] = [4] = . . . . . . ,−3,−1, 1, 3, . . .
mod 2 . . . = [−3] = [−1] = [1] = [3] = . . . Z2 = {[0], [1]}

Z2 = {[−4], [−3]} = {[−4], [1]} = . . .

Z2 = {[a0], [a1]}, ai ≡ i mod 2.

m = 3 [0] = {x ∈ Z|x = 3k, k ∈ Z}
[1] = {x ∈ Z|x = 3k + 1, k ∈ Z} [2] = {x ∈ Z|x = 3k + 2, k ∈ Z}
[0] = {. . . ,−3, 0, 3, ...} [1] = {. . . ,−2, 1, 4, . . .} [2] = {. . . ,−1, 2, 5, . . .}

. . . = [−3] = [0] = [3] = . . . . . . =
[−2] = [1] = [4] = . . . . . . = [−1] = [2] = [5] = . . . Z3 = {[0], [1], [2]}

Z3 = {[−3], [−2], [−1]} = {[−3], [1], [2]} = . . .

Z3 = {[a0], [a1], [a2]} ai ≡ i mod 3.

m Zm = {[0], [1], . . . , [m −
1]} Zm = {[a0], [a1], . . . , [am−1]} ai

ai ≡ i mod m i

[ai] i = 0, . . . ,m −
1 [ai] = [aj] 0 ≤ i, j ≤ m − 1

i ≡ j mod m
i = j [a] {[a0], [a1], . . . , [am−1]}

α = qm+r 0 ≤ r ≤ m−1
a ≡ r mod m [a] = [r] = [ar] Zm ⊆

{[a0], [a1], . . . , [am−1]} Zm = {[a0], [a1], . . . , [am−1]} ⊺

Zm modulo m

modulo m,
modulo m.

Zm

m
. . . ,−m, 0,m, 2m, . . .

. . . ,−m+1, 1,m+1, 2m+1, . . .

modulo m

m m =
0 a ∼ b a = b

a [a] = {a}
{a} a

modulo 0 Z

m = 1 a ∼ b a, b
a Z

modulo 1

Zm

Zm

Z Z

Zm

(a, b) a+ b ab

+ : Z× Z → Z, (a, b) �→ a+ b

· : Z× Z → Z, (a, b) �→ ab.

+ : Zm × Zm → Zm, ([a], [b]) �→ [a+ b]

· : Zm × Zm → Zm, ([a], [b]) �→ [ab].

([a], [b]) = ([c], [d]) [a] = [c] [b] = [d]
[a+ b] = [c+ d] [ab] = [cd] a ≡ c mod m b ≡ d

mod m a + b ≡ c + d mod m ab ≡ cd mod m

Z3 [4] + [2] = [6] = [0] [2][2] = [4] = [1]
Z10 [4] + [7] = [11] = [1] [4][7] = [28] = [8] [5][6] = [30] = [0]

Zm

[a], [b], [c] ∈ Zm

([a] + [b]) + [c] = [a] + ([b] + [c])



[a] + [0] = [0] + [a]

[a] + [−a] = [−a] + [a] = [0]

[a] + [b] = [b] + [a]

([a][b])[c] = [a]([b][c])

[a]([b] + [c]) = [a][b] + [a][c]

([a] + [b])[c] = [a][c] + [b][c]

[a][b] = [b][a]

[a][1] = [1][a] = [a]

Zm

Z Z6

[2][3] = [0] a, b, c ac = bc
c �= 0 a = b Z6 [1][3] = [5][3] [3] �= [0] [1] �= [5]

Zm

Zm

Zm

Zm

Zm [a][x] = [b]
[a′] ∈ Zm [a′][a] = [1]

[a′]

[a][x] = [b] ⇒ [a′]([a][x]) = [a′][b] ⇒ [x] = [a′b].

[a′] [2] ∈ Z6

[a′] ∈ Z6 [2][a′] = [1] [2a′] = [1] 2a′ ≡ 1 mod 6
2a′ = 1 + 6n, n ∈ Z

[a] ∈ Zm [a′] ∈ Zm

[a][a′] = [1] a′ aa′ ≡ 1
mod m [a′] [a]

modulo m a

modulo m

a′ Z6 [5] [5][5] = [1] [2]
Z6

[1], [5] Z7 [2] [2][4] = [1]
Zm U(Zm)

[a] Zm

[a′] ∈ Zm [a][a′] = [1] [a][a′] = [1]
[a][a′′] = [1] [a′] = [a′][1] = [a′]([a][a′′]) = ([a′][a])[a′′] = ([a′][a])[a′′] =
[1][a′′] = [a′′]

Zm

[a] ∈ Zm

µκδ(a,m) = 1

[a][b] = 1 ab ≡ 1 mod m ab = mn + 1
n ∈ Z µκδ(a,m) = 1

µκδ(a,m) = 1 x, y ∈ Z ax +
my = 1

[ax+my] = [1] ⇒ [ax] + [my] = [1]

⇒ [a][x] + [m][y] = [1]

⇒ [a][x] + [0][y] = [1]

⇒ [a][x] = [1],

[a] ⊺

[a]
[a] [x] x

x 8x ≡ 11
mod 15 Z15 [8x] = [11]

[8][x] = [11].

µκδ(8, 15) = 1 [8] Z15

[8][y] = [1]
[y]

[x] = [11y],

y
(8, 15) 15 = 1·8+7, 8 = 1·7+1



[a] + [0] = [0] + [a]

[a] + [−a] = [−a] + [a] = [0]

[a] + [b] = [b] + [a]

([a][b])[c] = [a]([b][c])

[a]([b] + [c]) = [a][b] + [a][c]

([a] + [b])[c] = [a][c] + [b][c]

[a][b] = [b][a]

[a][1] = [1][a] = [a]

Zm

Z Z6

[2][3] = [0] a, b, c ac = bc
c �= 0 a = b Z6 [1][3] = [5][3] [3] �= [0] [1] �= [5]

Zm

Zm

Zm

Zm

Zm [a][x] = [b]
[a′] ∈ Zm [a′][a] = [1]

[a′]

[a][x] = [b] ⇒ [a′]([a][x]) = [a′][b] ⇒ [x] = [a′b].

[a′] [2] ∈ Z6

[a′] ∈ Z6 [2][a′] = [1] [2a′] = [1] 2a′ ≡ 1 mod 6
2a′ = 1 + 6n, n ∈ Z

[a] ∈ Zm [a′] ∈ Zm

[a][a′] = [1] a′ aa′ ≡ 1
mod m [a′] [a]

modulo m a

modulo m

a′ Z6 [5] [5][5] = [1] [2]
Z6

[1], [5] Z7 [2] [2][4] = [1]
Zm U(Zm)

[a] Zm

[a′] ∈ Zm [a][a′] = [1] [a][a′] = [1]
[a][a′′] = [1] [a′] = [a′][1] = [a′]([a][a′′]) = ([a′][a])[a′′] = ([a′][a])[a′′] =
[1][a′′] = [a′′]

Zm

[a] ∈ Zm

µκδ(a,m) = 1

[a][b] = 1 ab ≡ 1 mod m ab = mn + 1
n ∈ Z µκδ(a,m) = 1

µκδ(a,m) = 1 x, y ∈ Z ax +
my = 1

[ax+my] = [1] ⇒ [ax] + [my] = [1]

⇒ [a][x] + [m][y] = [1]

⇒ [a][x] + [0][y] = [1]

⇒ [a][x] = [1],

[a] ⊺

[a]
[a] [x] x

x 8x ≡ 11
mod 15 Z15 [8x] = [11]

[8][x] = [11].

µκδ(8, 15) = 1 [8] Z15

[8][y] = [1]
[y]

[x] = [11y],

y
(8, 15) 15 = 1·8+7, 8 = 1·7+1



1 = 8−1·7 = 8−1·(15−1·8) = 8·2+15(−1) [1] = [8·2]+[15·(−1)] =
[8][2] y = 2 [x] = [11 · 2] = [22] = [7]

x = 15n + 7, n ∈ Z.

Zm

Zm [a]k = [1]
[a] ∈ U(Zm) k U(Zm)

m = p
k = p− 1

Fermat a ∈ Z p

ap ≡ a mod p.

p a

ap−1 ≡ 1 mod p.

a ∈ N a a = 0
a a + 1

(a+ 1)p = ap +

(
p

1

)
ap−1 +

(
p

2

)
ap−2 + · · ·+

(
p

p− 1

)
a+ 1.

(
p

i

)
=

(p− i+ 1) · · · (p− 1)p

1.2 . . . i

p i = 1, 2, . . . , p−1 (p−i+1) . . . (p−1)p =

(
p

i

)
1·

2 · · · · · i p
p

p 1, 2, . . . i

(
p

i

)

(a+ 1)p ≡ ap + 1 mod p.

ap ≡ a mod p (a+1)p ≡ a+1
mod p

a ∈ N a ∈ Z a < 0
p ap = −(−a)p ≡ −(−a) mod p

modulo m

ap ≡ a mod p p = 2 a2 =
(−a)2 ≡ −a mod 2 −a ≡ a mod 2 a2 ≡ a mod 2

µκδ(p, a) = 1
[a] Zp [b][a] = [1]

[ap] = [a] [b] [ap−1] = [1] ⊺

Fermat
p a ∈ Z p

[a] Zp [ap−2]

Fermat

222555 222 = 31·7+5
222 ≡ 5 mod 7

222555 ≡ 5555 mod 7.

555 = 92 · 6+3 5555 = (56)92 · 53
Fermat 56 ≡ 1 mod 7

5555 ≡ 53 mod 7.

53 ≡ (−2)3 ≡ −8 ≡ 6 mod 7

p a, b ∈ Z ap ≡ bp mod p ap ≡ bp

mod p2

Fermat,
a ≡ b mod p b = a+ kp k ∈ Z

bp − ap = (a+ kp)p − ap

=

(
p

1

)
ap−1(kp) +

(
p

2

)
ap−2(kp)2 + · · ·+

(
p

p

)
(kp)p.

p2

n ∈ N 42|n7 − n
42 = 2 · 3 · 7

n7 ≡ n mod 7

n7 ≡ n mod 3

n7 ≡ n mod 2



1 = 8−1·7 = 8−1·(15−1·8) = 8·2+15(−1) [1] = [8·2]+[15·(−1)] =
[8][2] y = 2 [x] = [11 · 2] = [22] = [7]

x = 15n + 7, n ∈ Z.

Zm

Zm [a]k = [1]
[a] ∈ U(Zm) k U(Zm)

m = p
k = p− 1

Fermat a ∈ Z p

ap ≡ a mod p.

p a

ap−1 ≡ 1 mod p.

a ∈ N a a = 0
a a + 1

(a+ 1)p = ap +

(
p

1

)
ap−1 +

(
p

2

)
ap−2 + · · ·+

(
p

p− 1

)
a+ 1.

(
p

i

)
=

(p− i+ 1) · · · (p− 1)p

1.2 . . . i

p i = 1, 2, . . . , p−1 (p−i+1) . . . (p−1)p =

(
p

i

)
1·

2 · · · · · i p
p

p 1, 2, . . . i

(
p

i

)

(a+ 1)p ≡ ap + 1 mod p.

ap ≡ a mod p (a+1)p ≡ a+1
mod p

a ∈ N a ∈ Z a < 0
p ap = −(−a)p ≡ −(−a) mod p

modulo m

ap ≡ a mod p p = 2 a2 =
(−a)2 ≡ −a mod 2 −a ≡ a mod 2 a2 ≡ a mod 2

µκδ(p, a) = 1
[a] Zp [b][a] = [1]

[ap] = [a] [b] [ap−1] = [1] ⊺

Fermat
p a ∈ Z p

[a] Zp [ap−2]

Fermat

222555 222 = 31·7+5
222 ≡ 5 mod 7

222555 ≡ 5555 mod 7.

555 = 92 · 6+3 5555 = (56)92 · 53
Fermat 56 ≡ 1 mod 7

5555 ≡ 53 mod 7.

53 ≡ (−2)3 ≡ −8 ≡ 6 mod 7

p a, b ∈ Z ap ≡ bp mod p ap ≡ bp

mod p2

Fermat,
a ≡ b mod p b = a+ kp k ∈ Z

bp − ap = (a+ kp)p − ap

=

(
p

1

)
ap−1(kp) +

(
p

2

)
ap−2(kp)2 + · · ·+

(
p

p

)
(kp)p.

p2

n ∈ N 42|n7 − n
42 = 2 · 3 · 7

n7 ≡ n mod 7

n7 ≡ n mod 3

n7 ≡ n mod 2



50

Fermat p = 7

Fermat p = 3

n7 = (n3)2n ≡ n2n ≡ n mod 3

Z10;

;

2) x 12x ≡ 11 mod 13

Z127 [58][x] = [3]

[4][x] = [3] Z6;

5) [a][x] = [b] Zm

µκδ(a,m)|b

• [x]2 = [1] Z8

• [x]4 = [1] Z5

• [x]3 = [1] Z5

• [x]2 + [3][x] + [2] = [0] Z6

• [x] + [x] + [x] = [0] Z3

p
Zp p− 1

n ∈ N n5 ≡ n mod 30

n ∈ N n49 ≡ n mod 1547
1547 = 7 · 13 · 17

n ∈ N (n+ 1)9 + 4n5 ≡ 1 mod 5

n12 + 12n ≡ 5 mod 11 n ≡ 2, 9 mod 11

modulo m

100100 ;

13) 333444 ;

14) [a] U(Z5) U(Z5)
[a]n n ∈ N U(Z8);

15) p a ∈ Z p
n U(Zp)

[a]n = [1] p− 1

Zm m = 3, 4, 5, 6
m

Zm [0] m
;

17) p p ≡ 3 mod 4
[a] ∈ Zp [a]2 = [−1]

Zm = {[a1], . . . [am]} [a] ∈ Zm

[a] + [ai] i = 1, . . . ,m Zm = {[a+
a1], . . . , [a+ am]} [a] �= [0]
[a][ai] i = 1, . . . ,m ;

19)
Zm



50

Fermat p = 7

Fermat p = 3

n7 = (n3)2n ≡ n2n ≡ n mod 3

Z10;

;

2) x 12x ≡ 11 mod 13

Z127 [58][x] = [3]

[4][x] = [3] Z6;

5) [a][x] = [b] Zm

µκδ(a,m)|b

• [x]2 = [1] Z8

• [x]4 = [1] Z5

• [x]3 = [1] Z5

• [x]2 + [3][x] + [2] = [0] Z6

• [x] + [x] + [x] = [0] Z3

p
Zp p− 1

n ∈ N n5 ≡ n mod 30

n ∈ N n49 ≡ n mod 1547
1547 = 7 · 13 · 17

n ∈ N (n+ 1)9 + 4n5 ≡ 1 mod 5

n12 + 12n ≡ 5 mod 11 n ≡ 2, 9 mod 11

modulo m

100100 ;

13) 333444 ;

14) [a] U(Z5) U(Z5)
[a]n n ∈ N U(Z8);

15) p a ∈ Z p
n U(Zp)

[a]n = [1] p− 1

Zm m = 3, 4, 5, 6
m

Zm [0] m
;

17) p p ≡ 3 mod 4
[a] ∈ Zp [a]2 = [−1]

Zm = {[a1], . . . [am]} [a] ∈ Zm

[a] + [ai] i = 1, . . . ,m Zm = {[a+
a1], . . . , [a+ am]} [a] �= [0]
[a][ai] i = 1, . . . ,m ;

19)
Zm



f(x1, . . . xn) = 0 f(x1, . . . xn)
x1, . . . xn

ax + by = c
ax ≡ b

mod m

a, b, c ∈ Z a, b
d = µκδ(a, b)

d c ax+ by = c

d c
(x0, y0)

x = x0 +
b

d
n, y = y0 −

a

d
n, n ∈ Z.

d c
x, y ax + by = c d|a d|b d|c

d c µκδ(a, b) = d s, t ∈ Z

d = as+ bt

d|c c = de e ∈ Z

c = de = a(se) + b(te),

x0 = se y0 = te

x = x0 +
b

d
n y = y0 −

a

d
n n ∈ Z

ax+ by = c

x0, y0, x, y ∈ Z
ax+ by = c ax0 + by0 = c

a(x− x0) = b(y0 − y)

a

d
(x − x0) =

b

d
(y − y0) µκδ

(
a

d
,
b

d

)
= 1

a

d

∣∣y − y0

n ∈ Z y0 − y =
a

d
n y = y0 −

a

d
n

a x = x0+
b

d
n

b ⊺

4x + 8y = 10 µκδ(4, 8) = 4

21x+14y =70 µκδ(21, 14)
= 7

21 = 1 · 14 + 7 14 = 2 · 7 = 0 7 =
1 · 21 + (−1) · 14 70 = 10 · 21 + (−10) · 14
x0 = 10 y0 = −10

x = 10 + 2n y = −10− 3n n ∈ Z

;
4x+ 6y = 80

(x, y) x y ≥ 0
µκδ(4, 6) = 2

80 = (−40) ·4+40 ·6
x0 = −40 y0 = 40 x = −40 + 3n

y = 40 − 2n x ≥ 0 n ≥ 14
n = 14 x = 2 y = 12

a, b,m ∈ Z m �= 0 d = µκδ(a,m)

ax ≡ b mod m

d ∤ b



f(x1, . . . xn) = 0 f(x1, . . . xn)
x1, . . . xn

ax + by = c
ax ≡ b

mod m

a, b, c ∈ Z a, b
d = µκδ(a, b)

d c ax+ by = c

d c
(x0, y0)

x = x0 +
b

d
n, y = y0 −

a

d
n, n ∈ Z.

d c
x, y ax + by = c d|a d|b d|c

d c µκδ(a, b) = d s, t ∈ Z

d = as+ bt

d|c c = de e ∈ Z

c = de = a(se) + b(te),

x0 = se y0 = te

x = x0 +
b

d
n y = y0 −

a

d
n n ∈ Z

ax+ by = c

x0, y0, x, y ∈ Z
ax+ by = c ax0 + by0 = c

a(x− x0) = b(y0 − y)

a

d
(x − x0) =

b

d
(y − y0) µκδ

(
a

d
,
b

d

)
= 1

a

d

∣∣y − y0

n ∈ Z y0 − y =
a

d
n y = y0 −

a

d
n

a x = x0+
b

d
n

b ⊺

4x + 8y = 10 µκδ(4, 8) = 4

21x+14y =70 µκδ(21, 14)
= 7

21 = 1 · 14 + 7 14 = 2 · 7 = 0 7 =
1 · 21 + (−1) · 14 70 = 10 · 21 + (−10) · 14
x0 = 10 y0 = −10

x = 10 + 2n y = −10− 3n n ∈ Z

;
4x+ 6y = 80

(x, y) x y ≥ 0
µκδ(4, 6) = 2

80 = (−40) ·4+40 ·6
x0 = −40 y0 = 40 x = −40 + 3n

y = 40 − 2n x ≥ 0 n ≥ 14
n = 14 x = 2 y = 12

a, b,m ∈ Z m �= 0 d = µκδ(a,m)

ax ≡ b mod m

d ∤ b



d|b d modulo m.

ax ≡ b mod m
ax − my = b

d ∤ b d|b

x = x0 +
−m

d
t, y = y0 −

a

d
t (t ∈ Z),

(x0, y0)
t1, t2 ∈ Z

x1 = x0 −
m

d
t1 x2 = x0 −

m

d
t2,

x1 ≡ x2 mod m ⇔ t1 ≡ t2 mod d.

x1 ≡ x2 mod m
m

d
t1 ≡ m

d
t2 mod m

t1 ≡ t2 mod d t1 ≡ t2 mod d
m

d
t1 ≡

m

d
t2 mod m x1 ≡ x2 mod m

d modulo m.
d modulo m

x = x0 −
m

d
t,

t = 0, 1, . . . , d− 1 ⊺

c ∈ Z ax ≡ b mod m c′ ∈ Z
c′ ≡ c mod m

ax ≡ b mod m
modulo m x

ax ≡ b mod m d
ax ≡ b mod m [a][x] = [b]

Zm Zm

x ∈ Z 9x ≡ 12 mod 15
d = µκδ(9, 15) = 3 3|12

mod 15
9x−15y = 12

15 = 9 · 1 + 6

9 = 1 · 6 + 3

6 = 2 · 3.

3 = 9−6 ·1 = 9− (15−9 ·1) = 9 ·2−15 ·1
9 · 8− 15 · 4 = 12 (x0, y0) = (8, 4)

x ≡ 8 mod 15, x ≡ 3 mod 15, x ≡ 13 mod 15.

7x ≡ 22 mod 10
µκδ(7, 10) = 1

modulo 10 7a ≡ 1 mod 10
a x ≡ 22a mod 10

modulo 10, a ≡ 3 mod 10. x ≡ 66 ≡ 6 mod 10

3x ≡ 4 mod 5
x ≡ 3 mod 5

;
mod m a [a]m

[3]5 = [3]15 ∪ [8]15 ∪ [13]15.

{x ∈ Z|9x ≡ 12 mod 15}
d,m d|m r

[r]d = [r]m ∪ [r + d]m ∪ · · · ∪
[
r +

(m
d

− 1
)
d
]

m
.



d|b d modulo m.

ax ≡ b mod m
ax − my = b

d ∤ b d|b

x = x0 +
−m

d
t, y = y0 −

a

d
t (t ∈ Z),

(x0, y0)
t1, t2 ∈ Z

x1 = x0 −
m

d
t1 x2 = x0 −

m

d
t2,

x1 ≡ x2 mod m ⇔ t1 ≡ t2 mod d.

x1 ≡ x2 mod m
m

d
t1 ≡ m

d
t2 mod m

t1 ≡ t2 mod d t1 ≡ t2 mod d
m

d
t1 ≡

m

d
t2 mod m x1 ≡ x2 mod m

d modulo m.
d modulo m

x = x0 −
m

d
t,

t = 0, 1, . . . , d− 1 ⊺

c ∈ Z ax ≡ b mod m c′ ∈ Z
c′ ≡ c mod m

ax ≡ b mod m
modulo m x

ax ≡ b mod m d
ax ≡ b mod m [a][x] = [b]

Zm Zm

x ∈ Z 9x ≡ 12 mod 15
d = µκδ(9, 15) = 3 3|12

mod 15
9x−15y = 12

15 = 9 · 1 + 6

9 = 1 · 6 + 3

6 = 2 · 3.

3 = 9−6 ·1 = 9− (15−9 ·1) = 9 ·2−15 ·1
9 · 8− 15 · 4 = 12 (x0, y0) = (8, 4)

x ≡ 8 mod 15, x ≡ 3 mod 15, x ≡ 13 mod 15.

7x ≡ 22 mod 10
µκδ(7, 10) = 1

modulo 10 7a ≡ 1 mod 10
a x ≡ 22a mod 10

modulo 10, a ≡ 3 mod 10. x ≡ 66 ≡ 6 mod 10

3x ≡ 4 mod 5
x ≡ 3 mod 5

;
mod m a [a]m

[3]5 = [3]15 ∪ [8]15 ∪ [13]15.

{x ∈ Z|9x ≡ 12 mod 15}
d,m d|m r

[r]d = [r]m ∪ [r + d]m ∪ · · · ∪
[
r +

(m
d

− 1
)
d
]

m
.



x ≡ 1 mod 2

x ≡ 2 mod 6.

2|x− 1
2|x− 2 2|1

x, x′

x ≡ a mod m

x ≡ b mod n

x ≡ x′ mod m x ≡ x′ mod n m|x − x′ n|x − x′

e|x − x′ e = ǫκπ(m,n)
mod e µκδ(m,n) = 1

mod e mod (mn)

m1,m2, . . . ,
mr

x ≡ a1 mod m1

x ≡ ar mod mr

modulo M = m1m2 . . . mr.

Mk =
M

mk
µκδ(Mk ,mk) = 1 Mk modulo

mk Mkyk ≡ 1 mod mk

x = a1M1y1 + · · ·+ arMryr

i �= k mi|Mk x ≡ akMkyk mod mk k =
1, 2, . . . , r x ≡ ak mod mk k = 1, 2, . . . , r

x x′

k = 1, 2, . . . , r x ≡ x′ mod mk mk|x− x′

M |x − x′ mk

⊺

[a1]m1 , . . . , [ar]mr

x ≡ 1 mod 3

x ≡ 2 mod 5

x ≡ 3 mod 7

M = 3 · 5 · 7 =

105 M1 =
105

3
= 35 M2 =

105

5
= 21 M3 =

105

7
= 15

y1 35y1 ≡ 1 mod 3 2y1 ≡ 1
mod 3 y1 ≡ 2 mod 3 y2 21y2 ≡ 1
mod 5 y2 ≡ 1 mod 5 y3 15y3 ≡ 1
mod 7 y3 ≡ 1 mod 7

x ≡ 1 · 35 · 2 + 2 · 21 · 1 + 3 · 15 · 1 mod 105,

x ≡ 157 ≡ 52 mod 105

moduli mk

x ≡ 1 mod 5

x ≡ 2 mod 6

x ≡ 3 mod 7

mod 210
x = 5t + 1 t ∈ Z

5t ≡ 1 mod 6 t ≡ 5
mod 6 t = 6u+ 5 u ∈ Z x = 5(6u + 5) + 1 = 30u+ 26



x ≡ 1 mod 2

x ≡ 2 mod 6.

2|x− 1
2|x− 2 2|1

x, x′

x ≡ a mod m

x ≡ b mod n

x ≡ x′ mod m x ≡ x′ mod n m|x − x′ n|x − x′

e|x − x′ e = ǫκπ(m,n)
mod e µκδ(m,n) = 1

mod e mod (mn)

m1,m2, . . . ,
mr

x ≡ a1 mod m1

x ≡ ar mod mr

modulo M = m1m2 . . . mr.

Mk =
M

mk
µκδ(Mk ,mk) = 1 Mk modulo

mk Mkyk ≡ 1 mod mk

x = a1M1y1 + · · ·+ arMryr

i �= k mi|Mk x ≡ akMkyk mod mk k =
1, 2, . . . , r x ≡ ak mod mk k = 1, 2, . . . , r

x x′

k = 1, 2, . . . , r x ≡ x′ mod mk mk|x− x′

M |x − x′ mk

⊺

[a1]m1 , . . . , [ar]mr

x ≡ 1 mod 3

x ≡ 2 mod 5

x ≡ 3 mod 7

M = 3 · 5 · 7 =

105 M1 =
105

3
= 35 M2 =

105

5
= 21 M3 =

105

7
= 15

y1 35y1 ≡ 1 mod 3 2y1 ≡ 1
mod 3 y1 ≡ 2 mod 3 y2 21y2 ≡ 1
mod 5 y2 ≡ 1 mod 5 y3 15y3 ≡ 1
mod 7 y3 ≡ 1 mod 7

x ≡ 1 · 35 · 2 + 2 · 21 · 1 + 3 · 15 · 1 mod 105,

x ≡ 157 ≡ 52 mod 105

moduli mk

x ≡ 1 mod 5

x ≡ 2 mod 6

x ≡ 3 mod 7

mod 210
x = 5t + 1 t ∈ Z

5t ≡ 1 mod 6 t ≡ 5
mod 6 t = 6u+ 5 u ∈ Z x = 5(6u + 5) + 1 = 30u+ 26



30u ≡ 5 mod 7
u ≡ 6 mod 7 u = 7v+6 v ∈ Z x = 30(7v+6)+26 =

210v + 206
x ≡ 206 mod 210

x2 ≡ 1 mod 77
x2 − 1 = (x+ 1)(x − 1) 77 = 7 · 11

x+ 1 ≡ 0 mod 77

x− 1 ≡ 0 mod 77

x+ 1 ≡ 0 mod 7
x− 1 ≡ 0 mod 11

x+ 1 ≡ 0 mod 11
x− 1 ≡ 0 mod 7

x ≡ 76 mod 77
x ≡ 1 mod 77 x ≡ 34 mod 77 x ≡ 43 mod 77

2x ≡ 1 mod 3

5x ≡ 2 mod 7.

modulo 3

x ≡ 2 mod 3
x ≡ 6 mod 7

x ≡ 2 mod 3

x ≡ 6 mod 7.

i) 5x+ 8y = 99

ii) 6x+ 4y = 100

iii) 6x+ 4y = 99

iv) 110x + 150y = 30

v) 14x+ 49y = 42

(x, y) ∈ N× N 2x+ 3y = 70;

3.
;

4. a, b, c ∈ Z− {0} d ∈ Z

i) ax+ by + cz = d
µκδ(a, b, c)|d

ii) ax + by + cz = d

i) 2x+ 3y + 4z = 79
w = 3y + 4z 2x+ w = 79

ii) 10x+ 6y + 15z = 40

x, y, z ∈ Z

x+ y + z = 100

x+ 8y + 50z = 156.

;

8. ;

i) 2x ≡ 6 mod 12

ii) 101x ≡ 7 mod 102



30u ≡ 5 mod 7
u ≡ 6 mod 7 u = 7v+6 v ∈ Z x = 30(7v+6)+26 =

210v + 206
x ≡ 206 mod 210

x2 ≡ 1 mod 77
x2 − 1 = (x+ 1)(x − 1) 77 = 7 · 11

x+ 1 ≡ 0 mod 77

x− 1 ≡ 0 mod 77

x+ 1 ≡ 0 mod 7
x− 1 ≡ 0 mod 11

x+ 1 ≡ 0 mod 11
x− 1 ≡ 0 mod 7

x ≡ 76 mod 77
x ≡ 1 mod 77 x ≡ 34 mod 77 x ≡ 43 mod 77

2x ≡ 1 mod 3

5x ≡ 2 mod 7.

modulo 3

x ≡ 2 mod 3
x ≡ 6 mod 7

x ≡ 2 mod 3

x ≡ 6 mod 7.

i) 5x+ 8y = 99

ii) 6x+ 4y = 100

iii) 6x+ 4y = 99

iv) 110x + 150y = 30

v) 14x+ 49y = 42

(x, y) ∈ N× N 2x+ 3y = 70;

3.
;

4. a, b, c ∈ Z− {0} d ∈ Z

i) ax+ by + cz = d
µκδ(a, b, c)|d

ii) ax + by + cz = d

i) 2x+ 3y + 4z = 79
w = 3y + 4z 2x+ w = 79

ii) 10x+ 6y + 15z = 40

x, y, z ∈ Z

x+ y + z = 100

x+ 8y + 50z = 156.

;

8. ;

i) 2x ≡ 6 mod 12

ii) 101x ≡ 7 mod 102



iii) 14x ≡ 3 mod 21

iv) 9x ≡ 5 mod 35

;

i) x ≡ 3 mod 5
x ≡ 5 mod 6
x ≡ 1 mod 7

ii) 2x ≡ 1 mod 7
x ≡ 4 mod 8

iii) 6x ≡ 2 mod 9
5x ≡ 1 mod 10

iv) 4x ≡ 2 mod 10
3x ≡ 4 mod 11

x ≡ 4 mod 6

x ≡ 13 mod 15

t

i) t ≤ 24

ii)

t

x ∈ Z x2 ≡ 1 mod 91

m ∈ N m = pm1
1 . . . pmr

r

pi �= pj i �= j x2 ≡ 1 mod m
2r mod m

x, y ∈ Z

2x+ 4y ≡ 3 mod 11

3x+ 2y ≡ 5 mod 11

ax+ by ≡ e mod m

cx+ dy ≡ f mod m

∆ = ad− bc µκδ(∆,m) = 1
mod m

x = ∆̄(de− bf) mod m

y = ∆̄(af − ce) mod m,

∆̄ ∆ modulo m.
Cramer 2× 2 R

;

18. Zm

i) ax− b = 0 (a, b ∈ Zm, a �= [0])
Zm

ii) ax − b = 0 (a, b ∈ Zm)
Zm

iii) x2 = [1] Zm x = [1] x = [−1]

iv) x2 = [0] Zm x = [0]

m m



iii) 14x ≡ 3 mod 21

iv) 9x ≡ 5 mod 35

;

i) x ≡ 3 mod 5
x ≡ 5 mod 6
x ≡ 1 mod 7

ii) 2x ≡ 1 mod 7
x ≡ 4 mod 8

iii) 6x ≡ 2 mod 9
5x ≡ 1 mod 10

iv) 4x ≡ 2 mod 10
3x ≡ 4 mod 11

x ≡ 4 mod 6

x ≡ 13 mod 15

t

i) t ≤ 24

ii)

t

x ∈ Z x2 ≡ 1 mod 91

m ∈ N m = pm1
1 . . . pmr

r

pi �= pj i �= j x2 ≡ 1 mod m
2r mod m

x, y ∈ Z

2x+ 4y ≡ 3 mod 11

3x+ 2y ≡ 5 mod 11

ax+ by ≡ e mod m

cx+ dy ≡ f mod m

∆ = ad− bc µκδ(∆,m) = 1
mod m

x = ∆̄(de− bf) mod m

y = ∆̄(af − ce) mod m,

∆̄ ∆ modulo m.
Cramer 2× 2 R

;

18. Zm

i) ax− b = 0 (a, b ∈ Zm, a �= [0])
Zm

ii) ax − b = 0 (a, b ∈ Zm)
Zm

iii) x2 = [1] Zm x = [1] x = [−1]

iv) x2 = [0] Zm x = [0]

m m



b ∈ Z 0 ≤ b ≤ 60

12x ≡ b mod 30

22x ≡ b mod 11

22. x x3 + 2x2 − x − 5 ≡ 0
mod 105

f(x) = x3 + 2x2 − x − 5
f(x) ≡ 0 mod 3 f(x) ≡ 0 mod 5 f(x) ≡ 0 mod 7

Euler

Euler

Euler
ϕ(m) U(Zm)

Zm φ : Z>0 → Z>0

Euler

ϕ(m) a

1 ≤ a ≤ m µκδ(a,m) = 1.

ϕ(1) = 1 ϕ(2) = 1 ϕ(3) = 2 ϕ(4) = 2 ϕ(5) = 4
ϕ(6) = 2

ϕ(m) m
ϕ(m)

p ϕ(pi) = pi − pi−1

µκδ(m,n) = 1 ϕ(mn) = ϕ(m)ϕ(n)

n n = pn1
1 . . . pns

s pi

ϕ(n) = (pn1
1 − pn1−1

1 )(pn2
2 − pn2−1

2 ) . . . (pns
s − pns−1

s )

= n

(
1− 1

p1

)(
1− 1

p2

)
. . .

(
1− 1

ps

)
.

U(Zm) = {[α] ∈ Zm|µκδ(α,m) = 1}

pi

p ap 1 ≤ a ≤ pi−1

pi−1

pi pi − pi−1

ψ : U(Zmn) → U(Zm)× U(Zn).

ψ([a]mn) = ([a]m, [a]n) [a]k ∈ Zk

modulo k a ψ [a]mn =
[b]mn mn|a−b m|a−b n|a−b [a]m = [b]m [a]n = [b]n



b ∈ Z 0 ≤ b ≤ 60

12x ≡ b mod 30

22x ≡ b mod 11

22. x x3 + 2x2 − x − 5 ≡ 0
mod 105

f(x) = x3 + 2x2 − x − 5
f(x) ≡ 0 mod 3 f(x) ≡ 0 mod 5 f(x) ≡ 0 mod 7

Euler

Euler

Euler
ϕ(m) U(Zm)

Zm φ : Z>0 → Z>0

Euler

ϕ(m) a

1 ≤ a ≤ m µκδ(a,m) = 1.

ϕ(1) = 1 ϕ(2) = 1 ϕ(3) = 2 ϕ(4) = 2 ϕ(5) = 4
ϕ(6) = 2

ϕ(m) m
ϕ(m)

p ϕ(pi) = pi − pi−1

µκδ(m,n) = 1 ϕ(mn) = ϕ(m)ϕ(n)

n n = pn1
1 . . . pns

s pi

ϕ(n) = (pn1
1 − pn1−1

1 )(pn2
2 − pn2−1

2 ) . . . (pns
s − pns−1

s )

= n

(
1− 1

p1

)(
1− 1

p2

)
. . .

(
1− 1

ps

)
.

U(Zm) = {[α] ∈ Zm|µκδ(α,m) = 1}

pi

p ap 1 ≤ a ≤ pi−1

pi−1

pi pi − pi−1

ψ : U(Zmn) → U(Zm)× U(Zn).

ψ([a]mn) = ([a]m, [a]n) [a]k ∈ Zk

modulo k a ψ [a]mn =
[b]mn mn|a−b m|a−b n|a−b [a]m = [b]m [a]n = [b]n



[a]mn ∈ U(Zmn) ([a]m, [a]n) ∈ U(Zm) × U(Zn)
µκδ(mn, a) = 1 µκδ(m,a) = µκδ(n, a) = 1 ψ ψ(a) =
ψ(b) [a]m = [b]m [a]n = [b]n m|a− b n|a− b
µκδ(m,n) = 1 mn|a − b [a]mn = [b]mn

ψ ([a]m, [b]n) ∈ U(Zm) × U(Zn)
x x ≡ a mod m

x ≡ b mod n x µκδ(x,m) = µκδ(a,m) = 1
µκδ(x, n) = µκδ(b, n) = 1 µκδ(x,mn) = 1 [x]mn ∈ U(Zmn)

ψ([x]mn) = ([x]m, [x]n) = ([a]m, [b]n)

ϕ(n) = ϕ(pn1
1 . . . pns

s ) =

= ϕ(pn1
1 ) . . . ϕ(pns

s ) =

= (pn1
1 − pn1−1

1 ) . . . (pns
s − pns−1

s ) =

= pn1
1 . . . pns

s

(
1− 1

p1

)
. . .

(
1− 1

ps

)
=

= n

(
1− 1

p1

)
. . .

(
1− 1

ps

)
. ⊺

ϕ(1000) = ϕ(2353) = ϕ(23)ϕ(53) = (8− 4)(125 − 25) = 400

U(Zmn), U(Zm), U(Zn)

Euler
Fermat ap−1 ≡ 1 mod p

p µκδ(a, p) = 1
aϕ(m) ≡ 1 mod m a,m ∈ Z m > 0 µκδ(a,m) = 1

[a], [b] ∈ U(Zm) µκδ(a,m) = µκδ(b,m) = 1
µκδ(ab,m) = 1

ab m a, b
µκδ(a,m) µκδ(b,m)

[a], [b] ∈ U(Zm) ⇒ [ab] ∈ U(Zm).

U(Zm) = {[a1], . . . , [ak]}, k = ϕ(m).

Euler

[a] ∈ U(Zm) [aai] ∈ U(Zm) i = 1, . . . , k
[aai] = [aaj]

m|a(ai − aj) m|ai − aj µκδ(a,m) = 1 [ai] = [aj ]
[aai] k U(Zm)

k

U(Zm) = {[aa1], . . . , [aak]}.

U(Zm)

[aa1] . . . [aak] = [a1] . . . [ak] ⇒
[ak][a1 . . . ak] = [a1 . . . ak].

[a1 . . . ak] ∈ U(Zm)
[a1 . . . ak]

[ak] = [1],

aϕ(m) ≡ 1 mod m.

Euler a,m ∈ Z m > 0 µκδ(a,m) = 1

aϕ(m) ≡ 1 mod m.

µκδ(a,m) = 1
[a] ∈ Zm [aϕ(m)−1]

Euler m = p
ϕ(m) = p − 1 µκδ(a, p) = 1 p

a
Fermat.

Euler

3652002 365 = 15 · 24+5 365 ≡ 5 mod 24

O Euler (1707-1783) Basel
master’s

Euler



[a]mn ∈ U(Zmn) ([a]m, [a]n) ∈ U(Zm) × U(Zn)
µκδ(mn, a) = 1 µκδ(m,a) = µκδ(n, a) = 1 ψ ψ(a) =
ψ(b) [a]m = [b]m [a]n = [b]n m|a− b n|a− b
µκδ(m,n) = 1 mn|a − b [a]mn = [b]mn

ψ ([a]m, [b]n) ∈ U(Zm) × U(Zn)
x x ≡ a mod m

x ≡ b mod n x µκδ(x,m) = µκδ(a,m) = 1
µκδ(x, n) = µκδ(b, n) = 1 µκδ(x,mn) = 1 [x]mn ∈ U(Zmn)

ψ([x]mn) = ([x]m, [x]n) = ([a]m, [b]n)

ϕ(n) = ϕ(pn1
1 . . . pns

s ) =

= ϕ(pn1
1 ) . . . ϕ(pns

s ) =

= (pn1
1 − pn1−1

1 ) . . . (pns
s − pns−1

s ) =

= pn1
1 . . . pns

s

(
1− 1

p1

)
. . .

(
1− 1

ps

)
=

= n

(
1− 1

p1

)
. . .

(
1− 1

ps

)
. ⊺

ϕ(1000) = ϕ(2353) = ϕ(23)ϕ(53) = (8− 4)(125 − 25) = 400

U(Zmn), U(Zm), U(Zn)

Euler
Fermat ap−1 ≡ 1 mod p

p µκδ(a, p) = 1
aϕ(m) ≡ 1 mod m a,m ∈ Z m > 0 µκδ(a,m) = 1

[a], [b] ∈ U(Zm) µκδ(a,m) = µκδ(b,m) = 1
µκδ(ab,m) = 1

ab m a, b
µκδ(a,m) µκδ(b,m)

[a], [b] ∈ U(Zm) ⇒ [ab] ∈ U(Zm).

U(Zm) = {[a1], . . . , [ak]}, k = ϕ(m).

Euler

[a] ∈ U(Zm) [aai] ∈ U(Zm) i = 1, . . . , k
[aai] = [aaj]

m|a(ai − aj) m|ai − aj µκδ(a,m) = 1 [ai] = [aj ]
[aai] k U(Zm)

k

U(Zm) = {[aa1], . . . , [aak]}.

U(Zm)

[aa1] . . . [aak] = [a1] . . . [ak] ⇒
[ak][a1 . . . ak] = [a1 . . . ak].

[a1 . . . ak] ∈ U(Zm)
[a1 . . . ak]

[ak] = [1],

aϕ(m) ≡ 1 mod m.

Euler a,m ∈ Z m > 0 µκδ(a,m) = 1

aϕ(m) ≡ 1 mod m.

µκδ(a,m) = 1
[a] ∈ Zm [aϕ(m)−1]

Euler m = p
ϕ(m) = p − 1 µκδ(a, p) = 1 p

a
Fermat.

Euler

3652002 365 = 15 · 24+5 365 ≡ 5 mod 24

O Euler (1707-1783) Basel
master’s

Euler



ϕ(24) = ϕ(233) = (23−22)(3−1) = 8 µκδ(5, 24) = 1
Euler 58 ≡ 1 mod 24 2002 = 250 · 8 + 2

3652002 = (3658)250 · 3652 ≡ (58)250 · 52 ≡ 1250 · 52 ≡ 1 mod 24.

a µκδ(a, 72) = 1 a12 ≡ 1 mod 72
Euler, aϕ(72) =

aϕ(8)ϕ(9) = a24 ≡ 1 mod 72
a12 ≡ 1 mod 8

a12 ≡ 1 mod 9
µκδ(a, 72) = 1 µκδ(a, 8) = 1
Euler aϕ(8) = a4 ≡ 1 mod 8 a12 = (a4)3 ≡ 1
mod 8 a12 ≡ 1 mod 9

a,m ∈ Z m > 0 µκδ(a,m) = 1 k
ak ≡ 1 mod m k

Euler k|ϕ(m)
ϕ(m) = qk+r 0 ≤ r < k

aϕ(m) = (ak)qar Euler
k 1 ≡ ar mod m k r = 0

k|ϕ(m)

RSA

RSA.2

RSA

10100

n = pq e
ϕ(n) = (p − 1)(q − 1) (e, n)

A �→ 01, B �→
2 RSA Rivest, Shamir Adleman

Euler

02, . . . , Ω �→ 24
X

Y (X) ≡ Xe mod n, 0 < Y (X) < n.

Y (X) Xe n
Y (X)

µκδ(e, ϕ(n)) =
1 [e] Zϕ(n) d ∈ N

de = kϕ(n)+1 k ∈ Z d
Y (X) d

Euler

Y (X)d ≡ Xed = Xkϕ(n)+1 = (Xϕ(n))kX ≡ X mod n.

Euler, µκδ(X,n) = 1
p, q X

X

p = 43 q = 59
n = pq = 2537 ϕ(n) = (p−1)(q−1) = 2436 e = 13

µκδ(13, 2436) = 1

1901 1201 0807 1201 1909 1001

0509 1301 1922 1707 1809 1201

“ ”
Y (X)

0445 2224 1123 2224 0572 0304

2315 2326 2256 0155 2334 2224

GAP



ϕ(24) = ϕ(233) = (23−22)(3−1) = 8 µκδ(5, 24) = 1
Euler 58 ≡ 1 mod 24 2002 = 250 · 8 + 2

3652002 = (3658)250 · 3652 ≡ (58)250 · 52 ≡ 1250 · 52 ≡ 1 mod 24.

a µκδ(a, 72) = 1 a12 ≡ 1 mod 72
Euler, aϕ(72) =

aϕ(8)ϕ(9) = a24 ≡ 1 mod 72
a12 ≡ 1 mod 8

a12 ≡ 1 mod 9
µκδ(a, 72) = 1 µκδ(a, 8) = 1
Euler aϕ(8) = a4 ≡ 1 mod 8 a12 = (a4)3 ≡ 1
mod 8 a12 ≡ 1 mod 9

a,m ∈ Z m > 0 µκδ(a,m) = 1 k
ak ≡ 1 mod m k

Euler k|ϕ(m)
ϕ(m) = qk+r 0 ≤ r < k

aϕ(m) = (ak)qar Euler
k 1 ≡ ar mod m k r = 0

k|ϕ(m)

RSA

RSA.2

RSA

10100

n = pq e
ϕ(n) = (p − 1)(q − 1) (e, n)

A �→ 01, B �→
2 RSA Rivest, Shamir Adleman

Euler

02, . . . , Ω �→ 24
X

Y (X) ≡ Xe mod n, 0 < Y (X) < n.

Y (X) Xe n
Y (X)

µκδ(e, ϕ(n)) =
1 [e] Zϕ(n) d ∈ N

de = kϕ(n)+1 k ∈ Z d
Y (X) d

Euler

Y (X)d ≡ Xed = Xkϕ(n)+1 = (Xϕ(n))kX ≡ X mod n.

Euler, µκδ(X,n) = 1
p, q X

X

p = 43 q = 59
n = pq = 2537 ϕ(n) = (p−1)(q−1) = 2436 e = 13

µκδ(13, 2436) = 1

1901 1201 0807 1201 1909 1001

0509 1301 1922 1707 1809 1201

“ ”
Y (X)

0445 2224 1123 2224 0572 0304

2315 2326 2256 0155 2334 2224

GAP



Z2436 [13] [937]
X

X ≡ Y (X)937 mod 2537, 0 ≤ X < 2537,

µκδ(X, 2537) = 1
X p, q

RSA

n
ϕ(n)

d

RSA,
n

p, q
RSA

n, e, d

e
p, q µκδ(e, (p − 1)(q − 1)) = 1
e 101e > n

AA 2424e < n
ΩΩ

e Y (X)
e
modulo n.

51000

Euler

7100 ;

3. 719 ;

4. a, b ∈ Z aϕ(b) + bϕ(a) ≡ 1
mod ab

a7 ≡ a mod 63 µκδ(a, 3) = 1

a,m µκδ(a,m) = µκδ(a−1,m) = 1
1 + a+ a2 + · · ·+ aϕ(m)−1 ≡ 0 mod m

i) k 2k ≡ 1 mod 7

ii) m a ∈ Z µκδ(a,m) = 1 k
ak ≡ 1 mod m k > ϕ(m)/2

k = ϕ(m)

modulo M

x ≡ a1 mod m1

x ≡ ar mod mr

mi

x ≡ a1M
ϕ(m1)
1 + · · · + arM

ϕ(mr)
r mod M,

Mi = M/mi M = m1m2 . . . mr

n k
2k|ϕ(n)

ϕ(2n) =

{
ϕ(n), n
2ϕ(n), n

n, k ϕ(nk) = nk−1ϕ(n)

ϕ(mn) =
d

ϕ(d)
ϕ(m)ϕ(n) d = µκδ(a, b)

n ϕ(n) ;



Z2436 [13] [937]
X

X ≡ Y (X)937 mod 2537, 0 ≤ X < 2537,

µκδ(X, 2537) = 1
X p, q

RSA

n
ϕ(n)

d

RSA,
n

p, q
RSA

n, e, d

e
p, q µκδ(e, (p − 1)(q − 1)) = 1
e 101e > n

AA 2424e < n
ΩΩ

e Y (X)
e
modulo n.

51000

Euler

7100 ;

3. 719 ;

4. a, b ∈ Z aϕ(b) + bϕ(a) ≡ 1
mod ab

a7 ≡ a mod 63 µκδ(a, 3) = 1

a,m µκδ(a,m) = µκδ(a−1,m) = 1
1 + a+ a2 + · · ·+ aϕ(m)−1 ≡ 0 mod m

i) k 2k ≡ 1 mod 7

ii) m a ∈ Z µκδ(a,m) = 1 k
ak ≡ 1 mod m k > ϕ(m)/2

k = ϕ(m)

modulo M

x ≡ a1 mod m1

x ≡ ar mod mr

mi

x ≡ a1M
ϕ(m1)
1 + · · · + arM

ϕ(mr)
r mod M,

Mi = M/mi M = m1m2 . . . mr

n k
2k|ϕ(n)

ϕ(2n) =

{
ϕ(n), n
2ϕ(n), n

n, k ϕ(nk) = nk−1ϕ(n)

ϕ(mn) =
d

ϕ(d)
ϕ(m)ϕ(n) d = µκδ(a, b)

n ϕ(n) ;



14. ϕ(n)|n n = 1 2a 2a · 3b a, b

a

b
a, b ∈ Z−{0} µκδ(a, b) = 1

a

b
1 ≤ a < b ≤ n

n∑
k=1

ϕ(k)

d, n d|n Ad = {m ∈ {1, . . . , n}|
µκδ(m,n) = d}

Ad ϕ(n/d)

n =
∑
d|n

ϕ(n/d) {1, . . . , n} =

⋃
d|n

Ad

n =
∑
d|n

ϕ(d)

m,n a ∈ Z µκδ(m,n) = µκδ(a,mn) = 1
ak ≡ 1 mod mn k ϕ(m)

ϕ(n)

0456 1863 2228 1736 1588 2132 1134

2225 1092 1593 1278 0095 1588 0739

2495 0129 1157 0629 1786

RSA n = 43 · 59 = 2537
e = 13

RSA 0 < Y (X) < n 0 ≤ Y (X) < n;

Zn modulo n,

Z
Mn(R) n × n

Z Zn Mn(R)

Z Zn Mn(R)
Z Zn Mn(R)


