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1.1. Σύνολα

(ii) {x ∈ R | 2x2 − 4x+ 1 = 0} = {1 +
√
2
2 , 1−

√
2
2 }

(iii) {x ∈ Q | x2 = 3} = ∅

A,B
A B

A ∪B

A,B
A B

A ∩B

A,B A ⊆ A ∪B
B ⊆ A∪B Γ A ⊆ Γ B ⊆ Γ A∪B ⊆ Γ

A∩B ⊆ A A∩B ⊆ B ∆ ∆ ⊆ A
∆ ⊆ B ∆ ⊆ A∩B

A B A ∩B = ∅
A1, A2, . . . , Aν Ai i ∈ {1, 2 . . . ,

ν}
Ai 1 ≤ i ≤ ν

∪ν
i=1Ai A1 ∪A2 ∪ . . .∪Aν

Ai i ∈ {1, 2 . . . , ν}
Ai 1 ≤ i ≤ ν

∩ν
i=1Ai

A1 ∩A2 ∩ . . . ∩Aν

Λ
Λ

Λ
∪

A∈ΛA
Λ ̸= ∅ Λ

Λ∩
A∈ΛA

Y X
X Y

X\Y Y X
Y X Y X Y c

A Z\A =
{x ∈ Z | x ̸∈ A}

S
S P(S)

S = {1, 2} P(S) = {∅, {1, 2}, {1}, {2}}

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

A,B

{ }

(i)
A = {1, 2, 3}

B = { }
(ii)

{1, 2, 3, ..., n} {1, 2, 3, ..., n, ...} {2, 4, 6, ..., 2n}
{2, 4, 6, ..., 2n, ...} n

(iii) S P {x ∈ S | x
P} S

P

N = {0, 1, 2, . . .} =
Z =
Q =
R =
C =

∅

A,B A
B A B A ⊆ B

B A A
B A � B

A B
A ⊆ B B ⊆ A

N � Z � Q � R � C

(i) {x ∈ Z | x 2}
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1.2. Καρτεσιανά Γινόμενα

3. S A,B ∈ P(S) A ∩ Bc = ∅
A ⊆ B

4. S A,B ∈ P(S) Ac Bc

(A ∩B)c

5. S X, Y ∈ P(S)
X Y

(X\Y ) ∪ (Y \X)

X+̇Y A,B,Γ ∈ P(S)

i A+̇B = B+̇A

ii) A+̇(B+̇Γ) = (A+̇B)+̇Γ

iii A+̇A = ∅
(iv) A ∩ (B+̇Γ) = (A ∩B)+̇(A ∩ Γ)

6. S, I i ∈ I
Ai Ai ∈ P(S) Ai i ∈ I∩

i∈I Ai Ai i ∈ I
∪

i∈I Ai.

(i)
(∪

i∈I Ai

)c
=

∩
i∈I A

c
i

(ii)
(∩

i∈I Ai

)c
=

∪
i∈I A

c
i

A,B (α, β) α ∈ A β ∈ B
α

β (α, β) (α′, β′) (α, β) = (α′, β′)
α = α′ β = β′

A B
(α, β) α ∈ A β ∈ B

A×B

A = {1, 2, 3} B = {1, 4}

• A×B = {(1, 1), (1, 4), (2, 1), (2, 4), (3, 1), (3, 4)}

• B ×A = {(1, 1), (1, 2), (1, 3), (4, 1), (4, 2), (4, 3)}

• A×A = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (3, 3)}

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

S A,B,Γ ∈
P(S)

A ∪A = A A ∩A = A
A ∪B = B ∪A A ∩B = B ∩A
(A ∪B) ∪ Γ = A ∪ (B ∪ Γ) (A ∩B) ∩ Γ = A ∩ (B ∩ Γ)
A ∩ (B ∪ Γ) = (A ∩B) ∪ (A ∩ Γ) A ∪ (B ∩ Γ) = (A ∪B) ∩ (A ∪ Γ)
A ∩ (A ∪B) = A A ∪ (A ∩B) = A
A ∪ ∅ = A A ∩ S = A
A ∪ S = S A ∩ ∅ = ∅
A ∪Ac = S A ∩Ac = ∅
(A ∪B)c = Ac ∩Bc (A ∩B)c = Ac ∪Bc

De Morgan

(A ∩ B)c =
Ac ∪ Bc (A ∩ B)c ⊆ Ac ∪ Bc Ac ∪ Bc ⊆ (A ∩ B)c

x ∈ (A ∩ B)c x ∈ S x ̸∈ A ∩ B

(i) x ∈ A x ̸∈ B

(ii) x ̸∈ A x ∈ B

(iii) x ̸∈ A x ̸∈ B

(i) x ∈ Bc (ii) x ∈ Ac

(iii) x ∈ Ac ∩Bc

x ∈ Ac ∪ Bc (A ∩ B)c ⊆ Ac ∪ Bc x ∈ Ac ∪ Bc

x ∈ Ac x ∈ Bc x ̸∈ A x ̸∈ B x ̸∈ A ∩ B
x ∈ (A ∩B)c

1.

2. A |A |
A,B

|A ∪B |= |A | + |B | − |A ∩B | .
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1.3. Σχέσεις Ισοδυναμίας

3. A,B A × B =
∪

α∈ABα =
∪

β∈B Aβ

Bα = {α} ×B Aβ = A× {β}

4. I, J, S, T i ∈ I
Ai Ai ∈ P(S) j ∈ J Bj Bj ∈ P(T )

(∪
i∈I

Ai

)
×


∪

j∈J
Bj


=

∪
(i,j)∈I×J

Ai ×Bj

(∩
i∈I

Ai

)
×


∩

j∈J
Bj


=

∩
(i,j)∈I×J

Ai ×Bj .

A,B A
B R A × B

R ⊆ A × A A (x, y) ∈ R
xRy

A

(i) R = {(x, y) ∈ A×A | x = y} A

(ii) R = {(x, Y ) ∈ A × P(A) | x ∈ Y } A
P(A)

(iii) R = {(X,Y ) ∈ P(A)×P(A) | X ⊆ Y } P(A)

A R ⊆ A× A
A

(i) R (x, x) ∈ R x ∈ A

(ii) R (x, y) ∈ R
(y, x) ∈ R

(iii) R (x, y) ∈ R
(y, z) ∈ R (x, z) ∈ R

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

• B ×B = {(1, 1), (1, 4), (4, 1), (4, 4)}

A1, A2, . . . , Aν

(α1, α2, . . . , αν) αi ∈ Ai 1 ≤ i ≤ ν ν i
αi i = 1, 2, . . . , ν (α1, α2, . . . , αν) (α′

1, α
′
2, . . . ,

α′
ν) ν (α1, α2, . . . , αν) = (α′

1, α
′
2, . . . , α

′
ν)

αi = α′
i i = 1, 2, . . . , ν

ν (α1, α2, . . . , αν)
ν (α′

1, α
′
2, . . . , α

′
ν)

A1, A2, . . . , Aν

(α1, α2, . . . , αν) αi ∈ Ai

1 ≤ i ≤ ν A1 × A2 × . . . × Aν

A1 = A2 = . . . = Aν = A A1, A2, . . . , Aν

Aν A1 ×A2 × . . .×Aν = Aν

Aν ν A1 =
A R2

R3

Rν ν

1. A = {1, 2, 3} B = {1, 4} |(A×B)∪(B×A) |

2. A,B,Γ,∆

(i) A×B = ∅ A = ∅ B = ∅
(ii) A ̸= ∅ B ̸= ∅

(α) A×B = B ×A A = B

(β) A ⊆ Γ B ⊆ ∆ A×B ⊆ Γ×∆

(iii) (A ∪B)× Γ = (A× Γ) ∪ (B × Γ)

(iv) (A ∩B)× (Γ ∩∆) = (A× Γ) ∩ (B ×∆)

(v) (A\B)× Γ = (A× Γ)\(B × Γ)
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1.3. Σχέσεις Ισοδυναμίας

(i) Kα = Kβ β ∈ Kβ β ∈ Kα α ∼ β
α ∼ β Kα ⊆ Kβ Kβ ⊆ Kα x ∈ Kα

x ∼ α α ∼ β
x ∼ β x ∈ Kβ Kα ⊆ Kβ

Kβ ⊆ Kα

(ii) (iii)

A S ⊆ P(A)
A

i ∅ ̸∈ S

ii
∪

Γ∈S Γ = A

iii X, Y ∈ S X = Y X ∩ Y = ∅

A
A

A

∼
A A/ ∼

A

A S A
∼ A

S A/∼ = S

A x, y ∈ A x ∼ y
Γ ∈ S x, y ∈ Γ ∼

A x ∈ A x ∈ Γ Kα = Γ

1. Z
α, β ∈ Z α ∼ β β − α 2

2. R
α, β ∈ R α ∼ β β − α

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

A
A

∼ R
A xRy x ∼ y
∼

• x ∼ x x ∈ A

• x ∼ y y ∼ x

• x ∼ y y ∼ z x ∼ z

A

(i) A A

(ii) A ̸= ∅ X ⊆ Y P(A)

A ∼ A
α ∈ A α Kα = {x ∈ A | α ∼
x} Kα = {x ∈ A | x ∼ α}

{Kα | α ∈ A} A/∼

X
O ∈ X X

P,Q ∈ X P ∼ Q P,Q
O

P ∈ X
O P P = O

X/∼
O

A ∼ A

(i) α, β ∈ A Kα = Kβ α ∼ β

(ii) α, β ∈ A Kα = Kβ Kα ∩Kβ = ∅

(iii)
∪

α∈AKα = A
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1.4. Απεικονίσεις

f : X −→ Y g : A −→ B
X = A Y = B f(x) = g(x) x ∈ X

f : Z −→ Z f(ν) = (νπ)

g : Z −→ Z g(ν) =

{
−1 ν
1 ν

f : X −→ Y

(i) f x, x′ ∈ X
x ̸= x′ f(x) ̸= f(x′) x, x′ ∈ X

f(x) = f(x′) x = x′

(ii) f y ∈ Y x ∈ X f(x) = y
f(X) = Y

(i) πρ r ∈ R πρ((r, 0)) = r
πρ((1, 3)) = 4 = πρ((2, 2))

(ii) πoλ r ∈ R πoλ((r, 1)) = r
((3, 4)) = 12 = πoλ((2, 6))

(iii) f f(R) = {1, 0} � R f(2) = 1 =
f(3)

(iv) π1 r ∈ R π1((r, 2)) = r
π1((1, 2)) = 1 = π1((1, 3))

(v) σ

(vi) ϱ ϱ(x) = ϱ(y) −x = −y x = y
ϱ(N) � Z

M M −→ M
x x x ∈ X M

1M idM

f : X −→ Y g : Y −→ Z

g ◦ f : X −→ Z

(g ◦ f)(x) = g(f(x)) x ∈ X f
g

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

3. R
α, β ∈ R α ∼ β αβ ≥ 0

4. Z× Z
(α1, α2), (β1, β2) ∈ Z× Z (α1, α2) ∼ (β1, β2) α1β2 = α2β1

X,Y f X
Y x X

f(x) Y X
f Y f : X −→ Y

f(x) Y x f

f : X −→ Y A ⊆ X B ⊆ Y
{f(x) ∈ Y | x ∈ A} A f
f(A) f(X) f

{x ∈ X | f(x) ∈ B} B f
f−1(B)

(i)

πρ : R× R −→ R (x, y) �−→ x+ y

(ii)

πoλ : R× R −→ R (x, y) �−→ xy

(iii)

f : R −→ R f(x) =

{
1 x
0 x

(iv) π1 : R× R −→ R (x, y) �−→ x

(v) σ : N −→ Z σ(0) = 0 σ(ν) =

{
κ ν = 2κ
−κ ν = 2κ− 1

ν > 0

(vi) ϱ : N −→ Z ν �−→ −ν
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ϱ(N) � Z

M M −→ M
x x x ∈ X M

1M idM

f : X −→ Y g : Y −→ Z

g ◦ f : X −→ Z

(g ◦ f)(x) = g(f(x)) x ∈ X f
g
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3. R
α, β ∈ R α ∼ β αβ ≥ 0

4. Z× Z
(α1, α2), (β1, β2) ∈ Z× Z (α1, α2) ∼ (β1, β2) α1β2 = α2β1

X,Y f X
Y x X

f(x) Y X
f Y f : X −→ Y

f(x) Y x f

f : X −→ Y A ⊆ X B ⊆ Y
{f(x) ∈ Y | x ∈ A} A f
f(A) f(X) f

{x ∈ X | f(x) ∈ B} B f
f−1(B)

(i)

πρ : R× R −→ R (x, y) �−→ x+ y

(ii)

πoλ : R× R −→ R (x, y) �−→ xy

(iii)

f : R −→ R f(x) =

{
1 x
0 x

(iv) π1 : R× R −→ R (x, y) �−→ x

(v) σ : N −→ Z σ(0) = 0 σ(ν) =

{
κ ν = 2κ
−κ ν = 2κ− 1

ν > 0

(vi) ϱ : N −→ Z ν �−→ −ν



1.4. Απεικονίσεις

f : A −→ B

f g : B −→ A
g(f(α)) = α α ∈ A f(g(β)) = β β ∈ B

f α1, α2 ∈ A f(α1) = f(α2)
α1 = g(f(α1)) = g(f(α2)) = α2 f

β ∈ B f(g(β)) = β β g(β) ∈ A
f f

f
g : B −→ A f ◦ g = 1B g ◦ f = 1A β ∈ B

f α ∈ A f(α) = β
α′ ∈ A f(α′) = β f(α) = β = f(α′) f

α = α′ β ∈ B α ∈ A
f(α) = β g : B −→ A

β ∈ B g(β) β g
α ∈ A f(α) = β g(β) = α α

A f(α) = β
f(g(β)) = β β ∈ B g(f(α)) = α α ∈ A
f ◦ g = 1B g ◦ f = 1A

f : A −→ B
f−1

f : A −→ B
g1, g2 : B −→ A

f g1 ◦f = 1A = g2 ◦f f ◦g1 = 1B = f ◦g2
g1 = 1A ◦ g1 = (g2 ◦ f) ◦ g1 =

g2 ◦ (f ◦ g1) = g2 ◦ 1B = g2

f : A −→ B
f−1 : B −→ A

f−1 f (f−1)−1 = f

σ (v)
σ−1 : Z −→ N σ−1(0) = 0

σ−1(κ) =

{
2κ κ

−2κ− 1 κ
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f : Z −→ Z g : Z −→ Z
f(ν) = 2ν + 1 g(ν) = 2ν ν ∈ Z g ◦ f

f ◦ g (g ◦ f)(ν) = 4ν + 2 (f ◦ g)(ν) = 4ν + 1
f ◦ g ̸= g ◦ f

f : A −→ B 1B ◦ f = f =
f ◦ 1A

f : A −→ B g : B −→ Γ h : Γ −→ ∆
h ◦ (g ◦ f) : A −→ ∆ (h ◦ g) ◦ f : A −→ ∆

ϕ = h◦(g◦f) : A −→ ∆ ψ = (h◦g)◦f : A −→ ∆
α ∈ A ϕ(α) = (h ◦ (g ◦ f))(α) = h((g ◦ f)(α)) = h(g(f(α)))

ψ(α) = ((h ◦ g) ◦ f)(α) = (h ◦ g)(f(α)) = h(g(f(α))) ϕ(α) = ψ(α)
α ∈ A ϕ = ψ

f : X −→ Y g : Y −→ Z

(i) f g g ◦ f

(ii) f g g ◦ f

(iii) f g g ◦ f

(i) x1, x2 ∈ X x1 ̸= x2 f f(x1) ̸=
f(x2) g g(f(x1)) ̸= g(f(x2)) g ◦ f

(ii) z ∈ Z g z = g(y) y ∈ Y
f y = f(x) x ∈ X

z = g(y) = g(f(x)) = (g ◦ f)(x) z ∈ Z
x ∈ X z = (g ◦ f)(x) g ◦ f

(iii) (i) (ii)

f : A −→ B g : B −→ A

g ◦ f : A −→ A και f ◦ g : B −→ B.

g◦f = 1A f ◦g = 1B g
f f g
f
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f f
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f(ν) = 2ν + 1 g(ν) = 2ν ν ∈ Z g ◦ f

f ◦ g (g ◦ f)(ν) = 4ν + 2 (f ◦ g)(ν) = 4ν + 1
f ◦ g ̸= g ◦ f

f : A −→ B 1B ◦ f = f =
f ◦ 1A

f : A −→ B g : B −→ Γ h : Γ −→ ∆
h ◦ (g ◦ f) : A −→ ∆ (h ◦ g) ◦ f : A −→ ∆
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α ∈ A ϕ(α) = (h ◦ (g ◦ f))(α) = h((g ◦ f)(α)) = h(g(f(α)))

ψ(α) = ((h ◦ g) ◦ f)(α) = (h ◦ g)(f(α)) = h(g(f(α))) ϕ(α) = ψ(α)
α ∈ A ϕ = ψ

f : X −→ Y g : Y −→ Z

(i) f g g ◦ f

(ii) f g g ◦ f

(iii) f g g ◦ f

(i) x1, x2 ∈ X x1 ̸= x2 f f(x1) ̸=
f(x2) g g(f(x1)) ̸= g(f(x2)) g ◦ f

(ii) z ∈ Z g z = g(y) y ∈ Y
f y = f(x) x ∈ X

z = g(y) = g(f(x)) = (g ◦ f)(x) z ∈ Z
x ∈ X z = (g ◦ f)(x) g ◦ f

(iii) (i) (ii)

f : A −→ B g : B −→ A

g ◦ f : A −→ A και f ◦ g : B −→ B.

g◦f = 1A f ◦g = 1B g
f f g
f
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(ii) x ∈ X y, y′ ∈ Y (x, y) ∈ R (x, y′) ∈ R
y = y′

f = (X,Y,R)
X Y

1. (i)

f1 : N −→ N, x �−→ x2

f2 : Z −→ Z, x �−→ x2

f3 : Z −→ Z, x �−→ x3

f4 : R −→ R, x �−→ x3

f5 : N −→ N, x �−→ x+ 1

(ii) f5 ◦ f1 f1 ◦ f5

2. π1 : R × R → R r1, r2 ∈ R
π−1
1 (r1)

π−1
1 (r2)

3. f : A −→ B X, Y ⊆ A Γ,∆ ⊆ B

(i) X ⊆ Y f(X) ⊆ f(Y )

(ii) Γ ⊆ ∆ f−1(Γ) ⊆ f−1(∆)

(iii) X ⊆ f−1(f(X)) f

(iv) f(f−1(Γ)) ⊆ Γ f

4. f : A → B X,Y ⊆ A Γ,∆ ⊆ B

(i) f(X ∪ Y ) = f(X) ∪ f(Y )

(ii) f−1(Γ ∪∆) = f−1(Γ) ∪ f−1(∆)

(iii) f(X ∩ Y ) ⊆ f(X) ∩ f(Y )

(iv) f−1(Γ ∩∆) = f−1(Γ) ∩ f−1(∆)

(iii) X,Y ∈ P(A)
f
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f : A −→ B g : B −→ Γ
g ◦ f : A −→ Γ

(g ◦ f)−1 = f−1 ◦ g−1

f−1 ◦ f = 1A f ◦ f−1 = 1B
g−1 ◦ g = 1B g ◦ g−1 = 1Γ

(g ◦ f) ◦ (f−1 ◦ g−1) = g ◦ (f ◦ (f−1 ◦ g−1))
= g ◦ ((f ◦ f−1) ◦ g−1)
= g ◦ (1B ◦ g−1)
= g ◦ g−1

= 1Γ.

(f−1 ◦ g−1) ◦ (g ◦ f) = 1A g ◦ f
f−1 ◦ g−1

(g ◦ f)−1 = f−1 ◦ g−1

f : X −→ Y M
X M −→ Y x �−→ f(x) f

M f |M

ρ : A −→ B Γ
A ⊆ Γ σ : Γ −→ B ρ = σ |A σ

ρ

ρ : N −→ Z ν �−→ −ν
σ1 : Z −→ Z ν �−→ −ν σ2 : Z −→ Z σ2(ν) ={

−ν ν
ν ν

ρ σ1 ̸= σ2

A,B π1 : A × B −→
A (α, β) �−→ α

A× B π2 : A×B −→ B
A×B

f (X,Y,R)
X,Y R X×Y

(i) x ∈ X y ∈ Y (x, y) ∈ R
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f : A −→ B g : B −→ Γ
g ◦ f : A −→ Γ
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g−1 ◦ g = 1B g ◦ g−1 = 1Γ
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= g ◦ (1B ◦ g−1)
= g ◦ g−1

= 1Γ.
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f : X −→ Y M
X M −→ Y x �−→ f(x) f

M f |M

ρ : A −→ B Γ
A ⊆ Γ σ : Γ −→ B ρ = σ |A σ

ρ

ρ : N −→ Z ν �−→ −ν
σ1 : Z −→ Z ν �−→ −ν σ2 : Z −→ Z σ2(ν) ={

−ν ν
ν ν

ρ σ1 ̸= σ2

A,B π1 : A × B −→
A (α, β) �−→ α

A× B π2 : A×B −→ B
A×B

f (X,Y,R)
X,Y R X×Y

(i) x ∈ X y ∈ Y (x, y) ∈ R
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12. f : X −→ Y f
g : X −→ X f ◦ g = f

13. f : N −→ M M � N

14. f : X −→ Y

(i) X x ∼ x′

f(x) = f(x′) ∈ Y

(ii) {f−1({y}) | y ∈ f(X)}
X

15. (i) f : X −→ Y
ϱ : Y −→ X ϱ ◦ f = 1X

(ii) σ, τ : A −→ A τ ◦ σ = 1A
σ ◦ τ ̸= 1A

16. f, g : X −→ Y

(i) f = g h : Y −→ {3, 7}
h ◦ f = h ◦ g

(ii) f = g σ : {3} −→ X
f ◦ σ = g ◦ σ

17. A = A1 × A2 R1, R2 A1 A2

R A (α1, α2)R(β1, β2)
α1R1β1 α2R2β2 R A

A/R
(A1/R1)× (A2/R2)

M N
m0 ∈ M m0 ≤ m m ∈ M
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5. f : X −→ Y I
i ∈ I Ai Ai ∈ P(X)

Bi Bi ∈ P(Y )

(i) f−1
(∪

i∈I Bi

)
=

∪
i∈I f

−1(Bi)

(ii) f−1
(∩

i∈I Bi

)
=

∩
i∈I f

−1(Bi)

(iii) f
(∪

i∈I Ai

)
=

∪
i∈I f(Ai)

(iv) f f
(∩

i∈I Ai

)
=

∩
i∈I f(Ai)

6. f : A −→ B ϱ : B −→ Γ

(i) ϱ ◦ f ϱ

(ii) ϱ ◦ f f

7. f : A −→ X B,Γ A
f |B f |Γ

f |B∪Γ

8. f : A −→ B

(i) f |f−1({β}) |= 1 β ∈ f(A)

(ii) f f−1({β}) ̸= ∅ β ∈ B

9. f : X −→ Y f :
P(X) −→ P(Y ) A �−→ f(A) f−1 : P(Y ) −→ P(X) B �−→
f−1(B)

(i) f f ◦ f−1 = 1P(Y )

(ii) f f−1 ◦ f = 1P(X)

10. (i) A,B S f :{1, 2}−→
A ∪ B f(1) ∈ A f(2) ∈ B

S A×B

(ii) A ν M
f : {1, 2, 3, . . . , ν} −→ A

A Aν =
A×A× · · · ×A� �� �

ν−

11. f : A −→ B f(α) = f(α′)
α, α′ ∈ A f, ϱ : A −→ A
f ̸= ϱ ϱ ◦ f ̸= f ◦ ϱ
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α, β, γ
(α+ β) + γ = α+ (β + γ) α β

γ
α β γ

(α+ β) + γ = α+ (β + γ) α+ β + γ
α1, α2, . . . , αν

ν
α1, α2, . . . , αν

α1+α2+ · · ·+αν
∑ν

i=1 αi

(α1 +α2) + (α3 +α4) = α1 + (α2 + (α3 +α4)) =
((α1 + α2) + α3) + α4 = (α1 + (α2 + α3) + α4)

B
β1, β2, . . . , βν

r1 + r2 = r2 + r1
r1, r2 ∈ R ν

ϕ : {1, 2, . . . , ν} −→ {1, 2, . . . , ν}

β1 + β2 + · · ·+ βν = βϕ(1) + βϕ(2) + · · ·+ βϕ(ν).

β1+β2+
· · ·+ βν

∑
β∈B β

ν ∈ N ν ≥ 1

(⋆)
ν∑

i=1

i2 = 12 + 22 + 32 + · · ·+ ν2 =
ν(ν + 1)(2ν + 1)

6
.

p(ν) (⋆)
p(1)

∑1
i=1 = 12 = 1

6 · 1 · (1 + 1) · (2 · 1 + 1)
p(µ) p(µ+ 1)

µ∑
i=1

i2 = 12 + 22 + 32 + · · ·+ µ2 =
µ(µ+ 1)(2µ+ 1)

6
.

∑µ+1
i=1 i2 =

∑µ
i=1 i

2 + (µ+ 1)2

= 1
6µ(µ+ 1)(2µ+ 1) + (µ+ 1)2

= 1
6(µ+ 1)[µ(2µ+ 1) + 6(µ+ 1)]

= 1
6(µ+ 1)(2µ2 + 7µ+ 6)

= 1
6(µ+ 1)(µ+ 2)(2µ+ 3)
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ν p(ν) ν

i p(1)

ii p(µ) µ p(µ + 1)

p(ν) ν

S N
ν p(ν)

S = ∅ S ̸= ∅
S µ (i)

µ > 1 µ µ− 1 /∈ S p(µ− 1)
(ii) p(µ)

µ ∈ S

ν p(ν) ν

i) p(1)

ii) µ ∈ N p(r) r ≤ µ p(µ+ 1)

p(ν) ν

S
ν ν ≥ 1 p(ν)

S = ∅ S
µ (i)

µ > 1 µ p(r)
r ≤ µ− 1 (ii) p(µ)

(i)
(ii)

p(ν) (ii)
p(r) r ≤ µ (ii)
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= 1
6(µ+ 1)(2µ2 + 7µ+ 6)

= 1
6(µ+ 1)(µ+ 2)(2µ+ 3)

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

ν p(ν) ν

i p(1)

ii p(µ) µ p(µ + 1)

p(ν) ν

S N
ν p(ν)

S = ∅ S ̸= ∅
S µ (i)

µ > 1 µ µ− 1 /∈ S p(µ− 1)
(ii) p(µ)

µ ∈ S

ν p(ν) ν

i) p(1)

ii) µ ∈ N p(r) r ≤ µ p(µ+ 1)

p(ν) ν

S
ν ν ≥ 1 p(ν)

S = ∅ S
µ (i)

µ > 1 µ p(r)
r ≤ µ− 1 (ii) p(µ)

(i)
(ii)

p(ν) (ii)
p(r) r ≤ µ (ii)



1.5. Μαθηματική Επαγωγή

p ≥ 2

ν ≥ 2

ν = 2 2
r 2 ≤ r ≤ µ

µ + 1 µ + 1
µ + 1 µ + 1 = µ1µ2 µ1 < µ + 1 µ2 < µ + 1

µ1 µ2

µ + 1

1.

(i) 8ν+1 + 92ν−1 73 ν ∈ N
ν ≥ 1

(ii)
∑ν

i=1(−1)ii2 = 1
2(−1)νν(ν + 1) ν ∈ N ν ≥ 1

(iii) 2ν ≤ 2ν ν ∈ N
(iv)

∑ν
i=1 i! < (ν + 1)! ν ∈ N ν ≥ 1

2. A ν
P(A) 2ν

3. κ M ⊆ {1, 2, · · · , κ}

(i) 1 ∈ M

(ii) λ ∈ {1, 2, . . . , κ− 1} λ ∈ M λ+ 1 ∈ M

M = {1, 2, . . . , κ}

4. (i) A,B
A ∩B = ∅

∑
x∈A∪B x =

∑
α∈A α+

∑
β∈B β

(ii) A1, A2, . . . , Aν

Ai∩Aj = ∅ i ̸= j
∑

x∈∪ν
i=1Ai

x =
∑

x∈A1
x+∑

x∈A2
x+ · · ·+

∑
x∈Aν

x
∑

x∈A1
x+

∑
x∈A2

x+ · · ·+∑
x∈Aν

x
∑ν

i=1

(∑
x∈Ai

x
)
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ν∑
i=0

xi = 1 + x+ x2 + · · ·+ xν =
1− xν+1

1− x
.

p(ν) (⋆⋆)

p(1)
∑1

i=0 x
i = 1 + x = 1−x2

1−x p(µ)
p(µ+ 1)

µ∑
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xi = 1 + x+ x2 + · · ·+ xµ =
1− xµ+1

1− x
.

∑µ+1
i=0 xi =

∑µ
i=0 x

i + xµ+1

= 1−xµ+1

1−x + xµ+1

= 1−xµ+1+xµ+1(1−x)
1−x

= 1−xµ+2

1−x

p(µ + 1)
(⋆⋆) ν

1

κ
κ ν ν ≥ κ

p(ν) ν
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1.6. Λύσεις -Υποδείξεις των Ασκήσεων του Κεϕαλαίου 1

(i) A∩ (B ∪Γ) = (A∩B)∪ (A∩Γ)

r ∈ A ∩ (B ∪ Γ) r A
B ∪Γ A B Γ

r A B A
Γ r ∈ A∩B r ∈ A ∩ Γ r ∈ (A ∩B) ∪ (A ∩ Γ)

A ∩ (B ∪ Γ) ⊆ (A ∩B) ∪ (A ∩ Γ)

r ∈ (A∩B)∪(A∩Γ) r A∩B
A∩ Γ r A

B Γ r A B ∪ Γ
r ∈ A∩(B∪Γ) (A∩B)∪(A∩Γ) ⊆ A∩(B∪Γ)

A ∩ (B ∪ Γ) = (A ∩B) ∪ (A ∩ Γ)

(ii) A ∩ (A ∪B) = A
A

A ⊆ A ∪ B A
A A ∪ B

A ⊆ A ∩ (A ∪B)
A ∩ (A ∪ B)

A A∩(A∪B) ⊆ A A∩(A∪B) = A

(iii) A ∪ Ac = S A ∪ Ac ⊆ S
S A

Ac S
A Ac A ∪ Ac ⊆ S

A ∪Ac = S

S A
(Ac)c = A

r ∈ (Ac)c r ∈ S Ac

A (Ac)c ⊆ A
r ∈ A r ̸∈ Ac r ∈ (Ac)c (Ac)c = A

(iv) (A ∩ B)c = Ac ∪ Bc

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

5. A,B f : A×B −→ R
A = {α1, α2, . . . , αν} B = {β1, β2, . . . , βµ}

(i)
∑

x∈A×B f(x) =
∑

β∈B f(α1, β) + · · ·+
∑

β∈B f(αν , β)

(ii)
∑

x∈A×B f(x) =
∑

α∈A f(α, β1) + · · ·+
∑

α∈A f(α, βµ)

(i)

∑
α∈A


∑

β∈B
f(α, β)


,

(ii)

∑
β∈B

(∑
α∈A

f(α, β)

)
.

(i) (ii)

∑
x∈A×B

f(x) =
∑
α∈A


∑

β∈B
f(α, β)


=

∑
β∈B

(∑
α∈A

f(α, β)

)
.
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Y X � Y
X� (X ∩Y )

X � (X ∩ Y ) X
Y Y

X X ∩Y X�Y = X� (X ∩Y )

A B A� B =
(A � B) ∪ (B � A) A � B =
(A� (A∩B)∪ (B� (B ∩A) = (A∪B)� (A∩B)

A∪B
A∩B A�B = (A∩B)c (A∩B)c

A ∩B A ∪B
A B Γ A∩ (B � Γ) =

A ∩ (B � (B ∩ Γ)) = (A ∩B)� (A ∩B ∩ Γ)

i) A�B = (A ∩B)c = (B ∩A)c = B �A

ii) “ ”
“ ”

A

Γ

Βc b

d e
g

f

a, b, c, d, e, f, g
B � Γ = (B ∪ Γ) � (B ∩ Γ) =

b∪c∪d∪e A�(B�Γ) = (A∪(B�Γ))�(A∩(B�Γ)) = a∪d∪e∪
g∪b∪c � d∪e a∪ g∪b∪c

(A � B) � Γ) = ((A � B) ∪ Γ) � ((A �
B) ∩ Γ) = a∪d∪b∪ f∪c∪g � d∪f a∪ b∪c∪g

A� (B � Γ) = (A�B)� Γ

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

(A ∪ B)c =
Ac ∩Bc

(A ∪ B)c = ((Ac)c ∪ (Bc)c)c A
(Ac)c B (Bc)c

(A ∪ B)c = ((Ac)c ∪ (Bc)c)c = ((Ac ∩ Bc)c)c

(A ∪B)c = ((Ac)c ∪ (Bc)c)c = ((Ac ∩Bc)c)c = Ac ∩Bc

B ⊆ A A∪B = A A∩B = B

| A ∪B |= | A |= | A | + | B | − | B |= | A | + | B | − | A ∩B |

A ∩ B = { c1, c2, . . . , ck } A =
{ a1, a2, . . . , an, c1, c2, . . . , ck } B = { b1, b2, . . . , bm, c1, c2, . . . , ck }

A∪B = { a1, a2, . . . , an, b1, b2, . . . , bm, c1, c2, . . . , ck }
| A∪B |= n+m+ k = (n+ k) + (m+ k)− k = | A | + | B | − |

A ∩B |
A∩B k = 0

| A ∪B |= n+m = | A | + | B |

A ⊆ B A
B A

B A ∩Bc = ∅
A ∩ Bc = ∅

A B
A B A ⊆ B

(A ∩ B)c = Ac ∪ Bc Ac Bc

Ac ∪Bc

X Y X � Y
X
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(a, b) ∈ (A × Γ) ∪ (B × Γ) (a, b) ∈ A × Γ
(a, b) ∈ B×Γ a ∈ A a ∈ B b ∈ Γ a ∈ A∪B b ∈ Γ

(a, b) ∈ (A ∪B)× Γ

(iv) (a, b) ∈ (A ∩ B) × (Γ ∩∆) a ∈ A ∩ B b ∈ Γ ∩∆
(a, b) ∈ A × Γ (a, b) ∈ B × ∆ (a, b) ∈

(A× Γ) ∩ (B ×∆)

(a, b) ∈ (A× Γ) ∩ (B ×∆) (a, b) ∈ A× Γ (a, b) ∈
B ×∆ a ∈ A a ∈ B b ∈ Γ b ∈ ∆
a ∈ A ∩B b ∈ Γ ∩∆ (a, b) ∈ (A ∩B)× (Γ ∩∆)

(A ×
Γ) ∩ (B ×∆) = (A×∆) ∩ (B × Γ)

(v) (a, b) ∈ (A�B)×Γ a
A B b Γ

(a, b A×Γ
B×Γ (a, b) ∈ (A×Γ)�(B×Γ)

(a, b) ∈ (A × Γ) � (B × Γ)
(a, b) A× Γ

B × Γ b
Γ a B a ∈ A� B
b ∈ Γ (a, b) ∈ (A�B)× Γ

(a1, b) ∈ A×B (a1, b) ∈ { a1 }×B ⊆
∪

a∈A({ a }×B) =∪
a∈ABa

a ∈ A { a } × B ⊆ A × B∪
a∈A({ a } ×B) =

∪
a∈ABa ⊆ A×B

A × B =
∪

b∈B Ab Ab =
A× { b }

(ii)(β) i ∈ I
j ∈ J Ai × Bj ⊆ (

∪
i∈I Ai) × (

∪
j∈J Bj)

∪
(i, j)∈I×J Ai ×

Bj ⊆ (
∪

i∈I Ai)× (
∪

j∈J Bj)

(a, b) ∈ (
∪

i∈I Ai) × (
∪

j∈J Bj)
i ∈ I j ∈ J a ∈ Ai b ∈ Bj

(a, b) ∈ Ai ×Bj ⊆
∪

(i, j)∈I×J Ai ×Bj

(∩
i∈I

Ai

)
×
( ∩

j∈J
Bj

)
=

∩
(i, j)∈I×J

Ai ×Bj

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

iii) A�A = (A∩A)c = Ac Ac

A ∪A = A A�A = (A ∩A)c = Ac = ∅
iv) A ∩ (B � Γ) = A ∩ ((B ∪ Γ) � (B ∩ Γ)) = (A ∩
(B ∪ Γ))� (A ∩B ∩ Γ) = ((A ∩B) ∪ (A ∩ Γ))� ((A ∩B) ∩ (B ∩ Γ)) =
(A ∩B)� (A ∩ Γ)

(i) x ∈ (
∪

i∈I Ai)
c x∪

i∈I Ai x Ai

i ∈ I x ∈ (Ai)
c i ∈ I x ∈

∩
i∈I A

c
i

x ∈
∩

i∈I A
c
i x ∈ (Ai)

c

i ∈ I x Ai i ∈ I
x

∪
i∈I Ai x ∈ (

∪
i∈I Ai)

c

(
∪

i∈I Ai)
c =

∩
i∈I A

c
i

(ii)
(
∩

i∈I Ai)
c =

∪
i∈I A

c
i

A × B
B ×A

{ (1, 1), (1, 4), (2, 1), (2, 4), (3, 1), (3, 4), (1, 2), (1, 3), (4, 1), (4, 2),
(4, 3) }

(i)

(ii) α) A×B = B ×A a ∈ A b ∈ B
ā ∈ A b̄ ∈ B (a, b) = (b̄, ā) ∈ A×B = B×A

a = b̄ ∈ B b = ā ∈ A A = B

β) A ⊆ Γ B ⊆ ∆ (a, b)
A × B a ∈ A ⊆ Γ b ∈ B ⊆ ∆

(a, b) ∈ Γ×∆ A×B ⊆ Γ×∆

A × B ⊆ Γ × ∆ a ∈ A
b ∈ B (a, b) ∈ A × B ⊆ Γ × ∆ a ∈ Γ b ∈ ∆

A ⊆ Γ B ⊆ ∆

(iii) (a, b) ∈ (A∪B)×Γ a ∈ A a ∈ B b ∈ Γ
(a, b) ∈ A× Γ (a, b) ∈ B × Γ (a, b) ∈ (A× Γ) ∪ (B × Γ)
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A× { b }

(ii)(β) i ∈ I
j ∈ J Ai × Bj ⊆ (

∪
i∈I Ai) × (

∪
j∈J Bj)

∪
(i, j)∈I×J Ai ×

Bj ⊆ (
∪

i∈I Ai)× (
∪

j∈J Bj)

(a, b) ∈ (
∪

i∈I Ai) × (
∪

j∈J Bj)
i ∈ I j ∈ J a ∈ Ai b ∈ Bj

(a, b) ∈ Ai ×Bj ⊆
∪

(i, j)∈I×J Ai ×Bj

(∩
i∈I

Ai

)
×
( ∩

j∈J
Bj

)
=

∩
(i, j)∈I×J

Ai ×Bj

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

iii) A�A = (A∩A)c = Ac Ac

A ∪A = A A�A = (A ∩A)c = Ac = ∅
iv) A ∩ (B � Γ) = A ∩ ((B ∪ Γ) � (B ∩ Γ)) = (A ∩
(B ∪ Γ))� (A ∩B ∩ Γ) = ((A ∩B) ∪ (A ∩ Γ))� ((A ∩B) ∩ (B ∩ Γ)) =
(A ∩B)� (A ∩ Γ)

(i) x ∈ (
∪

i∈I Ai)
c x∪

i∈I Ai x Ai

i ∈ I x ∈ (Ai)
c i ∈ I x ∈

∩
i∈I A

c
i

x ∈
∩

i∈I A
c
i x ∈ (Ai)

c

i ∈ I x Ai i ∈ I
x

∪
i∈I Ai x ∈ (

∪
i∈I Ai)

c

(
∪

i∈I Ai)
c =

∩
i∈I A

c
i

(ii)
(
∩

i∈I Ai)
c =

∪
i∈I A

c
i

A × B
B ×A

{ (1, 1), (1, 4), (2, 1), (2, 4), (3, 1), (3, 4), (1, 2), (1, 3), (4, 1), (4, 2),
(4, 3) }

(i)

(ii) α) A×B = B ×A a ∈ A b ∈ B
ā ∈ A b̄ ∈ B (a, b) = (b̄, ā) ∈ A×B = B×A

a = b̄ ∈ B b = ā ∈ A A = B

β) A ⊆ Γ B ⊆ ∆ (a, b)
A × B a ∈ A ⊆ Γ b ∈ B ⊆ ∆

(a, b) ∈ Γ×∆ A×B ⊆ Γ×∆

A × B ⊆ Γ × ∆ a ∈ A
b ∈ B (a, b) ∈ A × B ⊆ Γ × ∆ a ∈ Γ b ∈ ∆

A ⊆ Γ B ⊆ ∆

(iii) (a, b) ∈ (A∪B)×Γ a ∈ A a ∈ B b ∈ Γ
(a, b) ∈ A× Γ (a, b) ∈ B × Γ (a, b) ∈ (A× Γ) ∪ (B × Γ)
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(α1, α2) ∈ Z × Z (α1, α2) ∼ (α1, α2)
α1 · α2 = α2 · α1

(α1, α2) ∼ (β1, β2) α1 · β2 = α2 · β1
β1 ·α2 = β2 ·α1 ∼ (β1, β2) ∼ (α1, α2)

(α1, α2) ∼ (β1, β2) (β1, β2) ∼ (γ1, γ2)
α1 · β2 = α2 · β1 β1 · γ2 = β2 · γ1 α1 · γ2

α2 ·γ1
(1, 0) ∼ (0, 0) (0, 0) ∼ (1, 1) 1 · 1 ̸= 0 · 1

(1, 0) ̸∼ (1, 1)

Z×Z
Z×Z∗ Z∗ = Z\{ 0 }

(i) f1 x1, x2
f1(x1) = x21 ̸= x22 = f1(x2)

y = 2 x ∈ N f1(x) = y

f2 0 ̸= x ∈ Z
f2(x) = f2(−x) x ̸= −x y = 2

x ∈ Z f2(x) = y

f3 x1, x2
f3(x1) = x31 ̸= x32 = f3(x2)

y = 2 x ∈ N f3(x) = y

f4 x1, x2
f4(x1) = x31 ̸= x32 = f4(x2)

y ∈ R x = 3
√
y ∈ R f4(x) = y

f5 x1, x2
f5(x1) = x1 + 1 ̸= x2 + 1 = f5(x2)

y = 0 x ∈ N f5(x) = y

(ii) f5 ◦ f1 f1 ◦ f5 f5 ◦ f1 : N −→ N
f5 ◦ f1(x) = f5(f1(x)) = f1(x) + 1 = x2 + 1 f1 ◦ f5 : N −→ N
f1 ◦ f5(x) = f1(f5(x)) = (f5(x))

2 = (x+ 1)2

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

α ∈ Z α ∼ α α − α =
0 = 2 · 0

α ∼ β β − α
β−α = 2 ·k k ∈ Z α−β = 2 · (−k)

β ∼ α

α ∼ β β ∼ γ β − α = 2 · k
γ − β = 2 · m k, m ∈ Z γ − α = (γ − β) + (β − α) =
2 · k + 2 ·m = 2 · (k −m) α ∼ γ

α ∈ R α ∼ α α− α = 0

α ∼ β β−α
β − α = k k ∈ Q α − β = −k

β ∼ α

α ∼ β β ∼ γ β−α = k γ−β = m
k, m ∈ Q γ−α = (γ−β)+(β−α) = k+m ∈ Q α ∼ γ

α ∈ R α ∼ α α ·α = α2 ≥ 0

α ∼ β α·β ≥ 0 β·α = α·β ≥ 0
β ∼ α

α ∼ β β ∼ γ α · β ≥ 0 β · γ ≥ 0
α · γ

1 ∼ 0 0 ∼ −1
1 · (−1) = −1 ≤ 0 1 ̸∼ −1
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Γ ∆ x
f−1(Γ ∪∆)

(iii) y ∈ f(X∩Y ) x ∈ X∩Y
y = f(x) x X Y

f(x) = y f(X)
f(Y ) y ∈ f(X) ∩ f(Y )

f y ∈ f(X) ∩ f(Y )
y f(X) f(Y )
x1 X x2

Y y = f(x1) = f(x2) f
x1 = x2 ∈ X ∩ Y y = f(x1) = f(x2) ∈ f(X ∩ Y )

X, Y ∈ P(A) f(X) ∩
f(Y ) ⊆ f(X ∩ Y ) x1, x2
A X = {x1 } Y = {x2 } X ∩ Y = ∅
f(X)∩f(Y ) ⊆ f(X ∩Y ) = f(∅) = ∅ f(x1) ̸= f(x2)

f

(iv) x ∈ f−1(Γ ∩∆) f(x) ∈ Γ ∩∆
f(x) Γ ∆ x

f−1(Γ) ∩ f−1(∆)
x ∈ f−1(Γ) ∩ f−1(∆) x
f−1(Γ) f−1(∆) f(x)

Γ ∆ x
f−1(Γ ∩∆)

x ∈ f−1(
∪

i∈I Bi) f(x) ∈
∪

i∈I Bi

f(x) Bi i ∈ I
x f−1(Bi) ⊆

∪
i∈I f

−1(Bi)
x ∈

∪
i∈I f

−1(Bi) x
f−1(Bi) i ∈ I

f(x) Bi

x f−1(
∪

i∈I Bi)

(i) ϱ◦f
y Γ

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

π−1
1 (r1) = π−1

1 ({r1}) = { (a, b) ∈ R× R | π1((a, b)) = a ∈
{ r1 } } = { (r1, b) ∈ R× R | b ∈ R }

π−1
1 (r2) = { (r2, b) ∈ R× R | b ∈ R }

f : π−1
1 (r1) −→ π−1

1 (r2) f((r1, b)) =
(r2, b)

(r1, b) ∈ π−1
1 (r1) (r2, b) ∈ π−1

1 (r2)
f((r1, b)) = (r2, b) f

f

f
π−1
1 (r1) π−1

1 (r2)

(i) y ∈ f(X) x ∈ X y = f(x)
X ⊆ Y y = f(x) ∈ f(Y )

(ii) x ∈ f−1(Γ) f(x) ∈ Γ Γ ⊆ ∆
f(x) ∈ ∆ x ∈ f−1(∆)

(iii) x ∈ X f(x) ∈ f(X)
x ∈ f−1(f(X))

f x ∈ f−1(f(X)) x
y = f(x′) ∈ f(X) x′ ∈ X

f(x) = y = f(x′) x = x′ ∈ X

(iv) y ∈ f(f−1(Γ)) y = f(x) x ∈ f−1(Γ)
y = f(x) ∈ Γ

f y ∈ Γ x ∈ A
f(x) = y x ∈ f−1(Γ) y = f(x) ∈ f(f−1(Γ))

(i) y ∈ f(X ∪ Y ) x ∈ X ∪ Y
y = f(x) x X Y

f(x) = y f(X)
f(Y ) y ∈ f(X) ∪ f(Y )

y ∈ f(X) ∪ f(Y ) y
f(X) f(Y ) x

X Y y = f(x) y = f(x) ∈ f(X ∪Y )

(ii) x ∈ f−1(Γ ∪∆) f(x) ∈ Γ ∪∆
f(x) Γ ∆ x

f−1(Γ) ∪ f−1(∆)
x ∈ f−1(Γ) ∪ f−1(∆) x
f−1(Γ) f−1(∆) f(x)
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∪
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x f−1(Bi) ⊆

∪
i∈I f

−1(Bi)
x ∈

∪
i∈I f

−1(Bi) x
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(ii)
{ 1, 2 } { 1, 2, . . . , ν }

A = B
f ∈ M f(i) = ai i = 1, 2, . . . , ν φ : M −→ Aν

φ(f) = (a1, a2, . . . , aν) φ

f ρ
b, c ∈ A b ̸= c f(x) = b ρ(x) = c

x ∈ A ρ ◦ f(x) = ρ(f(x)) = ρ(b) = c ̸= f(ρ(x)) = f(c) = b
ρ ◦ f f ◦ ρ

f x ∈ X
f(x) = y ∈ X g ; X −→ X
x ∈ X f(g(x)) = y = f(x) f ◦ g = f

g ; X −→ X f ◦
g = f x1, x2 ∈ X g ; X −→ X g(x1) = x2
f ◦ g(x1) = f(x1 f(x2) = f(x1 f

M = N \ { 0 } = { 1, 2, . . . } f : N −→ M
f(n) = n+ 1

(i) x ∈ X f(x) = f(x) x ∼ x

x ∼ y f(x) = f(y) f(y) = f(x) y ∼ x

x ∼ y y ∼ z f(x) = f(y) = f(z)
x ∼ z

(ii) x ∈ X y = f(x) ∈ f(X)
x Kx = { z ∈ X | x ∼ z } = { z ∈ X | f(z) = f(x) = y } =

f−1({ y }) f−1({ y })
y ∈ f(X) { f−1({ y }) | y ∈ f(X) }

X

(i) f(X) ⊆ Y ρ : Y −→ X
y = f(x) ∈ f(X) ρ(y) = x z ∈ Y \ f(X)

ρ(z) = a a X
ρ f

y ∈ f(X) x ∈ X f(x) = y
x ∈ X ρ(f(x)) = x ρ ◦ f = 1X

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

ϱ x ∈ A ϱ ◦ f(x) = y
y ∈ Γ f(x) ∈ B

ϱ ϱ(f(x)) = y ϱ

(ii) ϱ ◦ f
x1, x2 ∈ A x1 ̸= x2 ϱ ◦ f

f ϱ ◦ f(x1) ̸= ϱ ◦ f(x2)
ϱ f(x1) ̸= f(x2)

f

f : Z −→ Z f(x) = x(2) A = {x ∈ Z | x <
0 } B = {x ∈ Z | x ≥ 0 } f A

B f|A∪B = f

(i) f β ∈ f(A)
α ∈ A f(α) = β f−1({β })

f−1({β })
β ∈ f(A) α ∈ A

f(α) = β f

(ii) f βinB αinA
f(α) = β f−1({β })

f−1({β })
β ∈ B β ∈ B αinA

f(α) = β f

(i) f iv)

B ∈ P(Y ) f(f−1(B)) = B
f̄(f−1(B)) = B B ∈ P(Y ) f̄ ◦ f−1 = 1P(Y )

(ii) f iii)

f−1 ◦ f̄ = 1P(X)

(i) f ∈ S f(1) = af ∈ A f(2) = bf ∈ B
φ : S −→ A× B φ(f) = (af , bf )
φ

φ f, g ∈ S f ̸= g

f(1) = af ̸= g(1) = ag f(2) = bf ̸= g(2) = bg φ(f) =
(af , bf ) ̸= (ag, bg) = φ(g)
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f

(i) ν = 1 81+1+92·1−1 = 64+9 =
73 73

k = ν 8ν+1+92ν−1 = 73 ·λ k =
ν +1 8(ν+1)+1 +92(ν+1)−1 = 8 · 8ν+1 +92 · 92ν−1 =
8·(8ν+1+92ν−1)+(81−8)·92ν−1 = 8·(73·λ)+73·92ν−1 = 73·(8·λ+92ν−1)

8ν+1 + 92ν−1

ν ≥ 1

(ii) p(ν)
∑ν

i=1(−1)ii2 = 1
2(−1)νν(ν + 1)

p(1)
p(µ) p(µ+1)∑µ+1

i=1(−1)ii2 = 1
2(−1)µµ(µ+1)+(−1)µ+1(µ+1)2 = 1

2(−1)µµ(µ+1)+
(−1)µ+1µ(µ+1)+(−1)µ+1(µ+1) = 1

2(−1)µ+1µ(µ+1)+(−1)µ+1(µ+1) =
1
2(−1)µ+1µ(µ+1)+ 1

2(−1)µ+1(µ+1) · 2 = 1
2(−1)µ+1(µ+1)(µ+2)

p(µ+1)∑ν
i=1(−1)ii2 = 1

2(−1)νν(ν + 1) ν ≥ 1

(iii) p(ν) 2ν ≤ 2ν

p(0) p(1)
p(µ) p(µ+1)

2(µ + 1) = 2µ + 2 ≤ 2µ + 2 ≤ 2µ+1 p(µ + 1)
2ν ≤ 2ν

(iv) p(ν)
∑ν

i=1 i! < (ν + 1)!
p(1)

p(µ) p(µ+1)∑µ+1
i=1 i! =

∑µ
i=1 i!+ (µ+1) < (µ+1)!+ (µ+1) < (µ+2)!

p(µ + 1)∑ν
i=1 i! < (ν + 1)! ν ≥ 1

p(ν)
ν 2ν

p(0) p(1)
p(µ) p(µ+1)

A = { a1, a2, . . . , aµ, aµ+1 } B = { a1, a2, . . . ,
aµ } p(µ) 2µ C

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

f
Y \f(X)

ρ f−1

(ii) σ
τ σ : N −→ N

σ(n) = n+ 1 τ : N −→ N τ(n) = n− 1 n ∈ N \ { 0 }
τ(0) = 0 τ(σ(n)) = τ(n+ 1) = (n+ 1)− 1 = n
τ ◦ σ = 1N σ(τ(0)) = σ(0) = 1 σ ◦ τ ̸= 1N

(i) f = g h ◦ f = h ◦ g h :
Y −→ W W

x ∈ X f(x) = y1 ̸= g(x) = y2
h : Y −→ { 3, 7 } h(y1) = 3

h(y2) = 7 h(y) = 3 y ∈ Y
h(f(x)) = h(y1) = 3 h(g(x)) = h(y2) = 7 h(f(x)) ̸=
h(g(x)) f(x) = g(x) x ∈ X

(ii) f = g f ◦ σ = g ◦ σ
σ : W −→ X W

x ∈ X f(x) ̸= g(x)
σ(3) = x f(σ(3)) = f(x) ̸= g(x) =

g(σ(3)) f(x) = g(x) x ∈ X

h
σ

{ 3, 7 } { 3 }

R
A = A1 × A2

(α1, α2)R (β1, β2) (β1, β2)R (γ1, γ2) α1R1 β1
α2R2 β2 β1R1 γ1 β2R2 γ2 R1

R2 α1R1 γ1
α2R2 γ2 (α1, α2)R (γ1, γ2)

f :A/R−→A1/R1×A2/R2 f(K(a1, a2)) =
(Ka1 , Ka2)

f K(a1, a2) = K(b1, b2)

(a1, a2)R (b1, b2) a1R1 b1 a2R2 b2 Ka1 = Kb1

Ka2 = Kb2 f(K(a1, a2)) = (Ka1 , Ka2) =
(Kb1 , Kb2) = f(K(b1, b2))
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Aν

(i)
A×B =

∪ν
i=1Bi Bi = { ai }×B

∑
x∈A×B f(x) =∑

x∈
∪ν

i=1 Bi
f(x) (ii)

∑
x∈A×B f(x) =

∑
x∈

∪ν
i=1 Bi

f(x) =
∑

x∈B1
f(x) +

∑
x∈B2

f(x) +

· · · +
∑

x∈Bν
f(x) Bi = { ai } × B∑

x∈A×B f(x) =
∑

x∈
∪ν

i=1 Bi
f(x) =∑

x∈B1
f(x) +

∑
x∈B2

f(x) + · · · +
∑

x∈Bν
f(x) =

∑
b∈B f(a1, b) +∑

b∈B f(a2, b) + · · · +
∑

b∈B f(aν , b)

(ii) (i)

A
B

Κεϕάλαιο 1. Εισαγωγικές ΄Εννοιες

B A
C ∪{ aµ } A A

2 · 2µ D
A aµ+1

2µ B
aµ+1 ∈ D D = (D \ { aµ+1 })∪{ aµ+1 } C = D \ { aµ+1 }

B A 2 ·2µ
A 2 · 2µ = 2µ+1

p(µ+1)
ν

2ν ν

p(ν) M ⊆ { 1, 2, . . . , ν }
1 ∈ M λ ∈ M 1 ≤ λ ≤ ν − 1 λ + 1 ∈ M
M = { 1, 2, . . . , ν }

p(2)
p(µ) µ ≥ 2 p(µ+1)

M ⊆ { 1, 2, . . . , µ, µ + 1 } 1 ∈ M
λ ∈ M 1 ≤ λ ≤ µ λ + 1 ∈ M

µ+ 1 ̸∈ M M ⊆ { 1, 2, . . . , µ } p(µ)
M = { 1, 2, . . . , µ } µ ∈ M µ + 1 ∈ M

M = { 1, 2, . . . , µ, µ+ 1 } p(µ+ 1)

(i) A B

p(ν)
B ν A

p(1)
A = { a1, a2, . . . , ak } B = { b } A∪B = { a1, a2, . . . , ak, b }∑

x∈A∪B = a1+a2 · · · ak+b = (
∑

a∈A a)+b =
∑

a∈A a+
∑

b∈B b
p(µ) p(µ + 1)

B = { b1, b2, . . . , bµ, bµ+1 } A = { a1, a2, . . . , ak }
B̄ = { b1, b2, . . . , bµ } Ā = { a1, a2, . . . , ak, bµ+1 }

Ā∪ B̄ = A∪B Ā∩ B̄ = ∅
∑

x∈A∪B =∑
x∈Ā∪B̄ =

∑
a∈Ā a+

∑
b∈B̄ b = (

∑
a∈A a)+ bµ+1+

∑
b∈B̄ b =

∑
a∈A a+∑

b∈B b p(µ+ 1)∑
x∈A∪B =

∑
a∈A a +

∑
b∈B b

A B

(ii) ν = 2∪ν
i=1Ai = (

∪ν−1
i=1Ai)∪
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B̄ = { b1, b2, . . . , bµ } Ā = { a1, a2, . . . , ak, bµ+1 }
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